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Abstract. We give an explicit profinite presentation of the absolute Galois group GQ2 .
The presentation has four generators σ, τ, x0, x1; the closed normal subgroup generated by
x0, x1 is required to be pro-2; and there are two defining relations. The first is the tame
relation τσ = τ2. The second, involving the pro-2 generators, is the explicit relation stated
in Theorem 1.2. This is a dyadic counterpart to the known four-generator presentations of
GQp for odd primes p. The case p = 2 requires a separate argument because the odd-prime
formula contains the exponent (p + 1)/2, which is not integral at p = 2.

The proof first identifies the tame quotient and the maximal pro-2 quotient of the
proposed group, together with their common map to the unramified quotient Z2. The
maximal pro-2 quotient is identified with the rank-three Demushkin group attached to Q2
using Labute’s classification, local reciprocity, and a lifting theorem for automorphisms of
its abelianization. We then compare lifting problems from the proposed group and from
GQ2 through extensions with finite elementary abelian 2-group kernels. On the presentation
side these lifting problems are controlled by an explicit three-term complex obtained from
the two defining relators; on the Galois side they are controlled by continuous cohomology
and local Tate duality. For self-dual simple F2-modules, the lifting count contains an
additional quadratic obstruction; we compute it from the dyadic filtration of square classes
and an explicit formula for the cohomological norm in a quadratic extension. Finite Fourier
inversion and induction on the order of the normal 2-subgroup in a finite target then give
equality of epimorphism counts to every finite group. A profinite reconstruction argument
yields the asserted presentation.
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1. Introduction and main theorem

This section fixes the conventions that determine the two displayed relators, states the
presentation theorem, and isolates the marked local normalization needed in its proof. The
final subsection reduces the remaining argument to a comparison of finite epimorphism
counts.

For odd primes p, the absolute Galois group of Qp admits an explicit four-generator
presentation of Jannsen–Wingberg type; see [1, Chapter VII]. The dyadic case is exceptional
because the odd-prime formula uses an exponent containing (p+ 1)/2. We give a separate
dyadic relation.

Throughout, exponentiation by an element of Ẑ has its usual profinite meaning. Let

ω2 = (1 in Z2, 0 in Zℓ for every odd prime ℓ).

Thus ω2
2 = ω2.

We use the conventions

xg = g−1xg, [x, y] = x−1y−1xy.

The unramified coordinate is normalized geometrically throughout: if Φar is arithmetic
Frobenius and Φgeom = Φ−1

ar , then νur(Φgeom) = 1. With the right-conjugation convention
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above, a standard tame generator satisfies

τΦgeom = τ q.

Thus the displayed relation τσ = τ2 means that σ maps to geometric Frobenius. Put

σ2 = σω2 , ui = (xiτ)ω2 (i = 0, 1), d0 = u0x
−1
0 , (1)

z0 = xσ2
0 , c0 = [d0, z0], g0 = σ2

2, dg = dg0
0 , (2)

hc = [dg, d0], h0 = xg0
0 x0 dgd0d

2
0hc. (3)

Proposition 1.1 (Marked dyadic Demushkin normalization). Let Dloc = GQ2(2) and let
νur : Dloc ↠ Z2 be normalized by sending geometric Frobenius to 1. There exist topological
generators a, s, y such that

Dloc ∼=
〈
a, s, y

∣∣∣ a2s4[s, y] = 1
〉

pro−2
, νur(a) = −2, νur(s) = 1, νur(y) = 0. (4)

The proof is given in Sections 3.1–3.3.

Theorem 1.2 (Presentation theorem). The absolute Galois group GQ2 is isomorphic to
the profinite group topologically generated by

σ, τ, x0, x1,

for which the closed normal subgroup generated by x0, x1 is pro-2, and which is subject to
the two relations

τσ = τ2 (5)
and

h0u
−1
1 xσ

1c0 = 1, (6)
where the auxiliary words are defined in (1)–(3).

Remark 1.3 (Role of the computational verification). A separate computational verification
of the displayed word exists but is not reproduced here. It is independent of the proof below
and is not used as an input to the marked Demushkin normalization or to any mathematical
inference.

Write ΓA for the profinite group in theorem 1.2. The condition that the normal closure
of x0, x1 be pro-2 is part of its presentation. For an epimorphism to a finite group G, this
condition is equivalent to requiring the images of x0, x1 to lie in the 2-core O2(G).

1.1. Strategy of the proof. The proof has six stages.
(1) The candidate ΓA is constructed from its admissible finite quotients. A reconstruction

lemma reduces the theorem to equality of epimorphism counts from ΓA and GQ2 to
every finite group.

(2) The tame quotient of ΓA is identified with the tame quotient of GQ2 . Its maximal pro-2
quotient is identified with GQ2(2) in a form preserving the full unramified character
to Z2, not merely its reduction modulo 2.

(3) The tame and maximal pro-2 maps are combined over their common unramified
quotient. Fixing this fibre-product datum turns the comparison into a finite lifting
problem with a prescribed tame quotient and a prescribed map to an elementary
abelian 2-group.

(4) For extensions with elementary abelian 2-group kernel, lifts from the candidate are
governed by the two defining relators, while lifts from GQ2 are governed by continuous
cohomology. The two theories are shown to have the same obstruction dimensions, lift
multiplicities, duality pairings, and connecting maps.
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(5) When a simple coefficient module is self-dual, a scalar central pushout produces a
quadratic obstruction. An exact word calculation on the candidate side and the dyadic
square-class filtration on the local side give the same quadratic Gauss sum.

(6) For a finite target, the normal 2-subgroup is reduced through an elementary quotient
and a central Frattini layer. Fourier inversion and the partition of homomorphisms
according to their image subgroup reduce the count to strictly smaller targets. Strong
induction gives equality of all finite epimorphism counts, and profinite reconstruction
gives the required isomorphism.

The dependence of the argument is therefore
marked tame and maximal pro-2 quotients

⇓
common tame–pro-2 data over Z2

⇓
linear lifting comparison and quadratic obstruction comparison

⇓
induction on the normal 2-subgroup of a finite target

⇓
|Sur(ΓA, G)| = | Sur(GQ2 , G)| for every finite group G

⇓
ΓA
∼= GQ2 .

2. The candidate as a profinite group

Starting from the four generators, the two relators, and the requirement on the normal
closure of x0, x1, we construct the candidate as an inverse limit of finite quotients. The section
ends with an exact finite-quotient semantics for this construction and the reconstruction
criterion used in section 10.

2.1. The marked quotient construction. Let F be the free profinite group on σ, τ, x0, x1.
The finite quotients relevant to the presentation are precisely those in which the four
distinguished elements generate, satisfy both relators, and have 2-group wild normal closure.
Formally, call an epimorphism

φ : F ↠ G

to a finite group admissible if the distinguished tuple generates G, satisfies (5) and (6), and
the normal closure of φ(x0), φ(x1) is a 2-group. Let QA be the class of all admissible finite
quotients and set

NA =
⋂

φ∈QA

kerφ, ΓA = F/NA. (7)

Let WA denote the closed normal subgroup of ΓA generated by x0, x1.

Lemma 2.1 (Finite subdirect closure). If F ↠ Gi are finitely many admissible quotients
and Y is the image of F in

∏
iGi, then F ↠ Y is admissible and its kernel is the intersection

of the given kernels.

Proof. The two relations hold coordinatewise. The distinguished tuple generates Y . The
normal closure of x0, x1 in Y lies in

Y ∩
∏

i

O2(Gi),
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which is a finite 2-group. Since Y is the image of the diagonal map F →
∏

iGi, one has

ker(F → Y ) =
⋂
i

ker(F → Gi),

which proves the assertion about kernels. □

Lemma 2.2 (Cofinality). Every finite quotient of ΓA is an admissible marked quotient. In
particular, WA is pro-2.

Proof. Let K ◁open F contain NA. For every g /∈ K, the definition of NA gives an admissible
quotient whose kernel does not contain g. Compactness of F \K gives finitely many such
kernels whose intersection is contained in K. By lemma 2.1, this intersection is itself the
kernel of an admissible quotient. Therefore F/K is a quotient of an admissible quotient,
and admissibility passes to quotients. The last assertion follows because every finite image
of WA is a 2-group. □

Proposition 2.3 (Epimorphic finite-quotient semantics). For every finite group G, epi-
morphisms ΓA ↠ G are in natural bijection with generating quadruples (σ, τ, x0, x1) ∈ G4

satisfying (5), (6), and x0, x1 ∈ O2(G).

Proof. An epimorphism sends WA to a normal 2-subgroup of G, hence into O2(G). Con-
versely, a generating quadruple with x0, x1 ∈ O2(G) has normal 2-group closure and defines
an admissible quotient in QA. □

Remark 2.4. The corresponding statement for arbitrary, non-surjective homomorphisms
into a fixed ambient group is false: the image of WA is normal in the image subgroup, but
need not lie in the 2-core of the ambient group. This is why the proof below keeps track of
exact images and their induced markings.

2.2. A reconstruction lemma.

Lemma 2.5 (One-sided profinite reconstruction). Let P be a topologically finitely generated
profinite group and let Q be any profinite group. If

|Sur(P,H)| = |Sur(Q,H)|
for every finite group H, then P ∼= Q.

Proof. We construct an epimorphism in each direction from compatible finite quotients and
then use Hopficity to identify both maps as isomorphisms.

Since P is finitely generated, Sur(P,H) and hence Sur(Q,H) are finite for every finite H.
The two groups have exactly the same finite quotients.

For n ≥ 1, let Rn(P ) be the intersection of the kernels of all maps from P to groups of
order at most n, and put Pn = P/Rn(P ). The Pn form a cofinal inverse system of finite
quotients of P . Every Pn is a quotient of Q. For any finite set of indices, a sufficiently
large Pm maps onto all corresponding Pn; composing an epimorphism Q ↠ Pm gives a
compatible family on that finite set. Compactness of the inverse limit of the finite nonempty
sets Sur(Q,Pn) yields a compatible family and therefore an epimorphism Q↠ P .

Interchanging the two groups, use the directed system of all finite quotients of Q. The
sets of epimorphisms from P to those quotients are finite and have the finite intersection
property, so there is an epimorphism P ↠ Q. The composite P ↠ Q↠ P is a surjective
endomorphism of a finitely generated profinite group. Such groups are Hopfian; see, for
example, [4, Section 2.5]. Hence the composite is an isomorphism, and so is P ↠ Q. □

3. The tame and maximal pro-2 quotients

The candidate construction of section 2 is now compared with the corresponding tame
and maximal pro-2 quotients of GQ2 . Besides the abstract quotient identifications, we
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determine compatible maps to the full unramified quotient Z2; those marked maps are the
input to the fibre product in section 4.

Let
Ttame = ⟨σ, τ | τσ = τ2⟩prof

denote the finite-quotient tame group.

Lemma 3.1 (Finite tame quotients). In every finite quotient generated by s, t with ts = t2,
the element t has odd order, and the quotient has the form

Ce ⋊ Cn, e odd, s−1ts = t2.

Every normal 2-subgroup of such a quotient is central and lies in the unramified cyclic
direction.

Proof. Conjugation preserves order, whereas |t2| = |t|/ gcd(2, |t|), so |t| is odd. Let I = ⟨t⟩
and suppose sI has order n. Then sn = tm. Since sn commutes with s, the relation ts = t2

gives tm = t2m, hence m ≡ 0 (mod |t|). Thus the extension splits.
If N is a normal 2-subgroup, then N ∩ I = 1 and [N, I] ≤ N ∩ I = 1. Hence N centralizes

I. It is therefore contained in the 2-primary part of the kernel of the Frobenius action on I,
which is central and unramified. □

Proposition 3.2 (Common tame quotient). There are canonical isomorphisms

ΓA/WA
∼= Ttame ∼= GQ2/WF ,

where WF is wild inertia.

Proof. In the quotient by WA, the elements x0, x1 vanish. By lemma 3.1, τ has odd order
in every finite quotient, so τω

2 = 1. Hence ui = d0 = z0 = c0 = dg = hc = h0 = 1; the
words σ2 and g0 may remain nontrivial, but they only conjugate the identity. The wild
relation therefore disappears. For the local group, the tame quotient has pro-prime-to-2
cyclic inertia and procyclic unramified quotient; geometric Frobenius acts on tame inertia
by x 7→ x2. With xg = g−1xg, this is precisely the relation τσ = τ2. □

Lemma 3.3 (The wild subgroup is the characteristic 2-core). The tame group Ttame has
no nontrivial closed normal pro-2 subgroup. Consequently

O2(ΓA) = WA, O2(GQ2) = WF .

In particular, the marked wild subgroups of the two sources are characteristic.

Proof. Let I = ⟨τ⟩ ◁ Ttame be tame inertia; it is pro-odd. If N ◁ Ttame is pro-2, then

N ∩ I = 1, [N, I] ≤ N ∩ I = 1,

so N centralizes I. Its image in Ttame/I ∼= Ẑ lies in the 2-primary factor and has a 2-adic
geometric Frobenius coordinate a ∈ Z2. For every m ≥ 1, use the finite inertia quotient of
order

em = 22m − 1.

Centrality forces 2a ≡ 1 (mod em). The order of 2 modulo em is exactly 2m, and hence
a ∈ 2mZ2 for every m. Thus a = 0, so N ≤ I, and therefore N = 1.

The subgroup WA is normal pro-2 and ΓA/WA
∼= Ttame. Every normal pro-2 subgroup

of ΓA maps trivially to Ttame and is contained in WA. This proves O2(ΓA) = WA. The
identical argument applied to 1→WF → GQ2 → Ttame → 1 gives the local assertion. □
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3.1. The standard rank-three dyadic Demushkin group. Labute’s classification
identifies GQ2(2) with the group below as an abstract pro-2 group, but it does not choose
an isomorphism preserving the full unramified character. An abstract identification is
insufficient because the tame and pro-2 quotients must agree over their common quotient
Z2. The canonical Demushkin orientation supplies the additional rigidity: together with
the unramified character, it separates the three summands of the abelianization.

Put
D0 =

〈
A,S, Y

∣∣∣ A2S4[S, Y ] = 1
〉

pro−2
(8)

and
Bab = Dab

0 =
〈
Ā, S̄, Ȳ

∣∣∣ 2Ā+ 4S̄ = 0
〉

Z2
. (9)

Let
t = Ā+ 2S̄, η = (−3)−1 ∈ Z×

2 . (10)
Then

Bab = C2t⊕ Z2S̄ ⊕ Z2Ȳ . (11)

Lemma 3.4 (Standard dyadic group and its orientation). The group D0 is the standard
rank-three, q = 2 Demushkin group, and GQ2(2) is abstractly isomorphic to D0. The
canonical Demushkin orientation of D0 factors through Bab and is the character

χ0(t) = −1, χ0(S̄) = 1, χ0(Ȳ ) = η. (12)
Equivalently,

χ0(Ā) = −1, χ0(S̄) = 1, χ0(Ȳ ) = (−3)−1.

Proof. The presentation (8) is the odd-rank dyadic case of Labute’s classification, with
parameter q = 2 and secondary exponent 4; see [2, Theorem 8]. The canonical character
for the odd-rank normal form is computed in [2, Theorem 4, case (2)]: for the relation
x2

1x
2f

2 [x2, x3] it takes the values −1, 1, (1− 2f )−1 on x1, x2, x3. With f = 2 and the standing
commutator convention, this gives −1, 1, (1− 4)−1 = (−3)−1 on A,S, Y , respectively. The
maximal pro-2 Galois group of Q2 is the rank-three local Demushkin group with these
parameters, so the abstract isomorphism follows from the same classification. □

Lemma 3.5 (Marked abelianization, orientation, and initial form). Use arithmetic lo-
cal reciprocity rec, normalized so that rec(2) is arithmetic Frobenius, and normalize νur
geometrically. Put

s̄ = rec(2)−1 = rec(1/2), ϵ̄ = rec(−1), ȳ = rec(−3), ā = ϵ̄s̄−2 = rec(−4).
Then the pro-2 abelianization of Dloc = GQ2(2) is identified with Bab by

Ā 7−→ ā, S̄ 7−→ s̄, Ȳ 7−→ ȳ.

Under this identification,
νur(ā, s̄, ȳ) = (−2, 1, 0), χloc(ā, s̄, ȳ) = (−1, 1, (−3)−1), (13)

where χloc is the canonical Demushkin orientation. In the basis of H1(Dloc,F2) dual to
(ā, s̄, ȳ), the Demushkin quadratic initial form is

α2 + βγ + γβ.

Consequently a Demushkin relator for lifts of these classes has the same quadratic initial
form as

r0 = A2S4[S, Y ],
namely A2 + [S, Y ] in degree two. Moreover the pair

(νur, χloc) : Bab −→ Z2 × Z×
2

is injective.
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Proof. We compute successively the unramified character, the cyclotomic orientation, the
quadratic initial form, and the injectivity of the two-character marking.

Since νur is normalized by geometric Frobenius while rec(2) is arithmetic Frobenius, one
has νur(rec(2)) = −1. Hence

νur(s̄) = 1, νur(ȳ) = 0, νur(ā) = −2.
The pro-2 completion of Q×

2 is

Q̂×
2

(2) ∼= ⟨2⟩Z2 ⊕ ⟨−1⟩C2 ⊕ ⟨−3⟩Z2 .

The single relation among Ā, S̄, Ȳ is
ā2s̄4 = rec((−4)2(1/2)4) = rec(1) = 1,

that is, additively, 2Ā+ 4S̄ = 0.
For a local Demushkin group the canonical orientation is the 2-adic cyclotomic character.

With the reciprocity convention above, local reciprocity gives
χloc(rec(u)) = u−1 (u ∈ Z×

2 ),
while the uniformizer component acts trivially on the totally ramified extension Q2(µ2∞)/Q2.
This proves the orientation row in (13).

Modulo squares, the classes are
ā ≡ [−1], s̄ ≡ [2], ȳ ≡ [−3].

For odd units u, v, write

ϵ(u) = u− 1
2 mod 2, ω(u) = u2 − 1

8 mod 2.

The dyadic Hilbert-symbol formula
(2αu, 2βv)2 = (−1)ϵ(u)ϵ(v)+αω(v)+βω(u)

gives, in the square-class basis (−1, 2,−3),
(−1,−1)2 = −1, (2,−3)2 = −1,

with all other pairings among these basis elements trivial, up to symmetry. Under Kummer
theory, cup product is the Hilbert symbol. Thus the dual basis has Bockstein/cup initial
form α2 + βγ + γβ, which is exactly the degree-two initial form of A2S4[S, Y ].

Finally, in the decomposition (11),
νur(t, S̄, Ȳ ) = (0, 1, 0), χloc(t, S̄, Ȳ ) = (−1, 1, η).

The element η topologically generates 1 + 4Z2, because v2(η − 1) = 2. The two displayed
characters therefore detect the three direct summands of (11), proving injectivity. □

Remark 3.6 (Why the orientation cannot be omitted). An un-oriented marked-relator
normalization with only the abelianized relation and quadratic initial form is false. Let
F = ⟨A,S, Y ⟩pro−2 and define

ψ(A) = AY −4, ψ(S) = SY 2, ψ(Y ) = Y.

This is an automorphism, with inverse A 7→ AY 4, S 7→ SY −2, Y 7→ Y . For r0 = A2S4[S, Y ],
put r = ψ−1(r0). On the free abelianization,

ψab(2Ā+ 4S̄) = 2(Ā− 4Ȳ ) + 4(S̄ + 2Ȳ ) = 2Ā+ 4S̄.
Moreover

r = (AY 4)2(SY −2)4[SY −2, Y ],
so, modulo the third Zassenhaus term, its initial form is A2 + [S, Y ]. Thus r has the
same abelianized relation and quadratic initial form as r0, and its quotient is abstractly D0.
However, under the isomorphism induced by ψ, the transported canonical orientation takes
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S to η2 ̸= 1. Therefore no isomorphism from this quotient to D0 which is the identity on
Bab can exist. The orientation-preserving lifting statement proposition 3.9, rather than the
false un-oriented normalization, is the exact structural input needed below.

3.2. Automorphisms preserving the orientation. To correct the action of an abstract
isomorphism on Bab, it is enough to show that every automorphism of Bab preserving χ0 is
induced by an automorphism of D0.

Lemma 3.7 (Cyclotomic powering of the three peripheral classes). Let

∆ = ⟨P, T ⟩pro−2, C = (PT )−1.

For every u ∈ Z×
2 there are an automorphism φu ∈ Aut(∆) and elements cP , cT , cC ∈ ∆

such that

φu(P ) = c−1
P P ucP , φu(T ) = c−1

T T ucT , φu(C) = c−1
C CucC . (14)

Proof. We obtain the required outer automorphism from the arithmetic Galois action
and then choose a representative that realizes the three peripheral conjugacy classes
simultaneously.

Identify ∆ with the maximal pro-2 geometric fundamental group of

X = P1
Q \ {0, 1,∞},

with P, T,C the three compatible peripheral inertia generators. The Galois action on the
geometric fundamental group gives

GQ −→ Out(∆).

The 2-adic cyclotomic character is surjective, since

Gal(Q(µ2∞)/Q) ∼= Z×
2 .

Each of the three cusps is rational, so its peripheral conjugacy class is preserved. The corre-
sponding decomposition group acts on the procyclic inertia group through the cyclotomic
character; see [8, Section 3.3 and Definition 37]. Concretely, if z is a local parameter and a
chosen inertia generator sends z1/2n to ζ2nz1/2n , then the arithmetic action of g replaces ζ2n

by ζχ2(g)
2n . With the opposite convention for representing the outer action, the exponent is

χ2(g)−1. Accordingly choose g with χ2(g) = u in the first convention and with χ2(g) = u−1

in the second. In either convention the resulting outer automorphism sends each peripheral
generator to a conjugate of its u-th power. Choosing a representative of the outer class
gives (14). □

Lemma 3.8 (Square-root and HNN lifting). For every u ∈ Z×
2 there is an automorphism

Ψu ∈ Aut(D0) such that, on Bab,

Ā 7−→ uĀ, S̄ 7−→ uS̄. (15)

Proof. The proof first lifts peripheral powering across the square-root relation, then trans-
ports the lift to the free pro-2 group on S,A, and finally extends it over the HNN stable
letter Y .

Start with φu and the conjugators from lemma 3.7. Consider

E□ =
〈
P, T,A

∣∣∣ PTA2 = 1
〉

pro−2
∼= ⟨P,A⟩pro−2, C = A2.

View the words cP , cT , cC in E□ via P, T , and define

P 7−→ φu(P ), T 7−→ φu(T ), A 7−→ c−1
C AucC .

The defining relation is preserved, because

(c−1
C AucC)2 = c−1

C CucC = φu(C) = (φu(P )φu(T ))−1.
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Modulo the Frattini subgroup, the free basis P,A is sent to uP̄ , uĀ, hence to P̄ , Ā. The
pro-2 Burnside basis theorem and Hopficity therefore show that this endomorphism is an
automorphism; call it θu.

In the free pro-2 group FS,A = ⟨S,A⟩pro−2 put
P = S3, T = S−3A−2.

Since 3 ∈ Z×
2 , the pair P,A is again a free basis of FS,A, and PTA2 = 1. For every odd

integer m, the power map x 7→ xm is bijective on a pro-2 group, with inverse x 7→ xm−1 for
m−1 ∈ Z×

2 . Comparing the unique cube roots of the two sides of (14) therefore gives
θu(S) = c−1

P SucP , θu(T ) = c−1
T T ucT .

The relation of D0 is equivalently
Y −1SY = T, T = S−3A−2. (16)

Define an endomorphism of the presentation (16) by
Ψu|E = θu, Ψu(Y ) = c−1

P Y cT .

Then
Ψu(Y )−1Ψu(S)Ψu(Y ) = c−1

T Y −1SuY cT = c−1
T T ucT = Ψu(T ),

so the relation is respected. On the Frattini quotient of D0, the images of A,S, Y form a
triangular basis with diagonal entries 1, 1, 1. Consequently Ψu is surjective and hence an
automorphism. Its action on Ā, S̄ is (15). □

Proposition 3.9 (Lifting the orientation-preserving abelian automorphisms). The natural
map

Aut(D0) −→ Aut(Bab, χ0) (17)
is surjective. More explicitly, every element of Aut(Bab, χ0) has the unique form

αu,b : t 7−→ t, S̄ 7−→ uS̄, Ȳ 7−→ Ȳ + bS̄, (18)
with u ∈ Z×

2 and b ∈ Z2, and every αu,b lifts to Aut(D0).

Proof. We first determine the orientation-preserving automorphisms of the abelianization,
then realize their unit-scaling part, and finally realize the remaining shear.

Because v2(η − 1) = 2, the element η topologically generates 1 + 4Z2. From (11) and
(12) one obtains

kerχ0 = Z2S̄.

The torsion subgroup of Bab is the order-two group generated by t. Hence an orientation-
preserving automorphism fixes t, sends S̄ to uS̄ for a unique unit u, and sends Ȳ to Ȳ + bS̄
for a unique b. Conversely, every map (18) is an orientation-preserving automorphism of
Bab.

The automorphism Ψu of lemma 3.8 sends Ā, S̄ to uĀ, uS̄, so it fixes t = Ā+2S̄ and sends
S̄ to uS̄. The canonical orientation is the action on the dualizing module and is therefore
preserved by every automorphism of D0. Thus Ψu induces αu,b(u) for some b(u) ∈ Z2.

For b ∈ Z2, define

Θb(A) = ASb
, Θb(S) = S, Θb(Y ) = Y Sb, (19)

Here ASb = (Sb)−1ASb is conjugation, not the product ASb. This is an automorphism of
the free pro-2 group on A,S, Y , with inverse Θ−b. Moreover

[S, Y Sb] = [S, Y ]Sb
,

and therefore
Θb(A2S4[S, Y ]) = (A2)Sb

S4[S, Y ]Sb = (A2S4[S, Y ])Sb
.

It therefore descends to an automorphism of D0, inducing α1,b. The composite Θb−b(u) ◦Ψu

induces αu,b, proving surjectivity. □
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3.3. Matching the unramified marking. The preceding surjectivity permits an arbitrary
abstract isomorphism GQ2(2) ∼= D0 to be corrected so that it induces the identity on the
marked abelianization Bab. The unramified character is then preserved integrally, not only
after reduction modulo 2.

Proof of proposition 1.1. By lemma 3.4, choose an abstract isomorphism
f : Dloc

∼−→ D0.

Use lemma 3.5 to identify Dab
loc with Bab, and use (9) for Dab

0 . Canonical orientations are
functorial under group isomorphisms. The orientation row (13) and (12) therefore imply

χ0 ◦ fab = χloc = χ0.

Thus fab ∈ Aut(Bab, χ0). By proposition 3.9, choose γ ∈ Aut(D0) with
γab = f−1

ab .

Then
β = γ ◦ f : Dloc

∼−→ D0

induces the identity on the marked abelianization Bab.
Set

a = β−1(A), s = β−1(S), y = β−1(Y ).
These elements topologically generate Dloc, satisfy a2s4[s, y] = 1, and have the prescribed
abelianized classes. Hence

νur(a, s, y) = (−2, 1, 0),
which proves proposition 1.1. □

3.4. The maximal pro-2 quotient of the candidate.

Proposition 3.10 (Maximal pro-2 quotient). The maximal pro-2 quotient of ΓA is

Π =
〈
σ, x0, x1

∣∣∣ xσ2
0 x0[x1, σ] = 1

〉
pro−2

. (20)

The group Π is abstractly isomorphic to GQ2(2). Equipped with
ν2 : Π↠ Z2, ν2(σ) = 1, ν2(x0) = ν2(x1) = 0, (21)

it is isomorphic to the fully unramified marked pair (GQ2(2), νur).

Proof. In a finite 2-group quotient, lemma 3.1 forces τ = 1, and ω2 acts as the identity.
Hence

ui = xi, d0 = 1, c0 = 1, g0 = σ2, dg = hc = 1,
and

h0 = xσ2
0 x0.

Moreover
u−1

1 xσ
1 = x−1

1 xσ
1 = [x1, σ].

Thus (6) becomes precisely the relator in (20). Conversely, every finite quotient of (20) is
admissible after setting τ = 1. The fully marked local identification is given by corollary 3.12.

□

Proposition 3.11 (Nielsen transform to the pro-2 boundary). For any pro-2 group with
topological generators a, s, y and unique defining relation

a2s4[s, y] = 1, (22)
the Nielsen change

σ = s, x1 = y, x0 = s−2a−1 (23)
changes the closed normal closure of the relator to that of

xσ2
0 x0[x1, σ]. (24)
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Consequently proposition 1.1 identifies D = GQ2(2) abstractly with Π.

Proof. Under (23), one has a = x−1
0 σ−2 and therefore

a2s4 = x−1
0 (x−1

0 )σ2
.

Writing P = xσ2
0 x0 and Q = [x1, σ], the inverse of the standard relator is QP . The words

QP and PQ are cyclic conjugates, so they have the same closed normal closure. This proves
the assertion. □

Corollary 3.12 (Fully marked form). The generators furnished by proposition 1.1 and
transformed by (23) satisfy

νur(σ) = 1, νur(x0) = νur(x1) = 0,

and (24) is the unique defining relation. Hence (D, νur) ∼= (Π, ν2).

Proof. The relation is proposition 3.11. The values follow directly from (4):

νur(x0) = −2νur(s)− νur(a) = 0.

□

Remark 3.13 (The integral marking is not detected by the mod-2 cup form). The more
familiar unmarked Labute relator

x2
0x

4
1[x1, σ]

has the same quadratic initial form b2 + ac+ ca as (24). It does not, however, admit the
marking

ν(σ) = 1, ν(x0) = ν(x1) = 0
required by the tame boundary. In those Labute variables the canonical orientation has
values

χ(x0) = −1, χ(x1) = 1, χ(σ) = (−3)−1.

The abelianization is Z2
2 ⊕ C2, and x̄1 has infinite order. The asserted marking would

nevertheless put x1 in ker ν ∩ kerχ, contradicting the injectivity of (νur, χ) on Dab. Thus
agreement of the maximal pro-2 quotient as an unmarked Demushkin group is insufficient.
The Nielsen transformation (23) replaces that relator by (24). It has the same mod-2 two-jet;
its full unramified marking follows from Proposition 1.1.

Proposition 3.14 (Fully marked tame and pro-2 quotients). Let

νt : Ttame ↠ Z2, νt(σ) = 1, νt(τ) = 0,

and equip Π with (21). For each Γ ∈ {ΓA, GQ2}, the tame quotient map and the maximal
pro-2 quotient map may be chosen so that their composites with νt and ν2 are the same
natural unramified character

νΓ : Γ↠ Z2.

The compatibility therefore holds after passage to every finite quotient C2m , not only modulo
2.

Proof. For the candidate, the assignment

σ 7−→ 1, τ, x0, x1 7−→ 0

respects both defining relations and induces the displayed maps on the tame and pro-2
quotients. For the local source, use corollary 3.12. The tame geometric Frobenius and the
pro-2 generator σ have the same full unramified image, while x0, x1 lie in its kernel. □
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Remark 3.15 (Why the full marking is load-bearing). The construction
∂bd = Ttame ×Z2 Π

uses the full marked isomorphism (Π, ν2) ∼= (GQ2(2), νur). An unmarked Demushkin classifi-
cation identifies only the abstract pro-2 group; it does not fix the terminal comparison after
passage to all finite quotients C2m of the unramified coordinate.

Let (a, b, c) be the basis of H1(Π,F2) dual to (σ, x0, x1). The quadratic initial form of
the relator in (20) is

b2 + ac+ ca.

Consequently the scalar cup/Bockstein table is
H((a, b, c), (a′, b′, c′)) = ac′ + ca′ + bb′. (25)

This is the local Hilbert pairing on Q×
2 /Q

×2
2 under the corresponding basis.

4. The common tame–pro-2 boundary and the global induction

The compatible quotient maps obtained in section 3 are assembled here into a single
boundary condition. This produces the epimorphisms bΓ : Γ↠ ∂bd and the finite targets
on which the induction of section 9 is carried out.

The tame quotient and the maximal pro-2 quotient share the full unramified pro-2
quotient:

Ttame
νt−→ Z2

ν2←−− Π, ∂bd = Ttame ×Z2 Π. (26)
The fibre product records the requirement that the two quotient maps have the same
unramified coordinate. Thus their markings cannot be chosen independently, or merely
matched after reduction modulo 2. For Γ ∈ {ΓA, GQ2}, the compatible tame and maximal
pro-2 maps of proposition 3.14 combine to an epimorphism

bΓ : Γ↠ ∂bd. (27)
Surjectivity follows from profinite Goursat. Any common quotient of Ttame and the pro-2
group Π is a pro-2 quotient of Ttame, hence a quotient of its maximal pro-2 quotient Z2;
proposition 3.14 shows that the full Z2 quotient occurs.

Fix a finite tame quotient H, an epimorphism α : Ttame ↠ H, an elementary abelian
2-group E, and a homomorphism ψ̄ : Π→ E. They define

β : ∂bd −→ H × E, β(t, p) = (α(t), ψ̄(p)). (28)
We compare only surjections that induce the fixed map to H and the fixed elementary

decoration in E. A finite target carrying these two prescribed pieces of data will be called
boundary-framed.

Definition 4.1 (Boundary-framed marked target). A boundary-framed marked target is a
tuple

Y = (Y,LY , πY , θY )
where LY ◁ Y is a finite 2-group, πY : Y ↠ H has kernel LY , and θY : Y → E is a
homomorphism. Put

qY = (πY , θY ) : Y −→ H × E.
For Γ ∈ {ΓA, GQ2} define

eβ
Γ(Y) = #{f : Γ↠ Y : qY f = βbΓ}. (29)

The tuple Y therefore fixes, on the same finite target, both the tame quotient Y/LY
∼= H

and the homomorphism Y → E. The equation qY f = βbΓ counts surjections inducing both
prescribed maps. Since the wild subgroup is the kernel of the tame quotient, it also forces
WA or WF into LY .
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An exact-image stratum consists of maps whose image is a specified subgroup J , rather
than maps that merely land in J . If J ≤ Y projects onto H, then

J = (J, J ∩ LY , πY |J , θY |J)

inherits the same structure. Consequently, partitioning maps according to their image
subgroup produces targets of the same form.

Theorem 4.2 (Boundary-framed exact-image theorem). For every boundary-framed marked
target Y,

eβ
ΓA

(Y) = eβ
GQ2

(Y).
The same equality holds for every exact-image target J defined above.

The proof is a global induction over all boundary-framed marked targets, ordered by
|LY |. Auxiliary central covers need not lie inside the original ambient group, which is why
the induction is stated globally.

5. Linear lifting theory and duality

This section starts with a lower map and an elementary kernel and extracts the linear
information needed by the target induction. The candidate and local cochain theories
remain distinct; their common numerical and duality content is stated in corollary 5.17.

Fix a finite group C, a boundary-compatible epimorphism ρ : Γ ↠ C, and a finite
elementary F2[C]-module A. Here elementary means that the additive group of A is a
finite-dimensional F2-vector space; no semisimplicity assumption is made. A lifting datum
over ρ is an extension

1 −→ A −→ C̃
π−→ C −→ 1

inducing the prescribed C-action on A. In either source theory it has a degree-two obstruction

oΓ,ρ(C̃) ∈ H2
Γ,ρ(A).

The obstruction vanishes exactly when ρ lifts to C̃; after one lift is fixed, every other lift is
obtained uniquely by multiplication by an element of Z1

Γ,ρ(A). Thus a nonempty lift set
is a principal homogeneous space under Z1

Γ,ρ(A). Only the obstruction dimensions, torsor
cardinalities, perfect pairings, and connecting homomorphisms will be compared; no map
between the two cochain complexes or their degree-one cohomology spaces is used.

For Γ = ΓA, varying the four distinguished generators through an extension by A gives
the finite word complex

C•
ρ,A : 0 −→ A

d0
ρ,A−−−→ A4 d1

ρ,A−−−→ A2 −→ 0. (30)

Write S,T,X0,X1 for the actions of the four lower values on A. With the lift convention
(a, g) in a semidirect product, simultaneous infinitesimal conjugation gives

d0
ρ,A(v) = ((S− 1)v, (T− 1)v, (X0 − 1)v, (X1 − 1)v). (31)

The map d1
ρ,A is the ordered pair of the exact tame- and wild-relator defects. Concretely, if

the lower map has values in C and a lift to C ⋉A is written

(ρ(σ), a), (ρ(τ), b), (ρ(x0), c), (ρ(x1), d),

then d1
ρ,A(a, b, c, d) is the coefficient of A in the evaluated tame and wild relators. This

construction is functorial in the C-module A because it is obtained by evaluating the same
two finite words in semidirect products. Its degree-one kernel is denoted Z1

A,ρ(A) and its
cohomology by H i

A,ρ(A).
The pro-2 normal-closure condition contributes no additional linear equation. The

elementary kernel A lies in the marked normal 2-subgroup of the target, so multiplying any
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of the four chosen lifts by an element of A preserves the marked condition; the only defects
are the two displayed relators.

For Γ = GQ2 , put

H i
F,ρ(A) = H i

cont(GQ2 , Aρ), Z1
F,ρ(A) = Z1

cont(GQ2 , Aρ),
where the action is induced by ρ. These are the ordinary continuous Galois cohomology
groups. No two-relator complex is assigned to GQ2 .

5.1. The evaluated Fox Jacobian. Let S,T denote the actions of ρ(σ), ρ(τ) on A. If
e = |T| is odd, put

P = 1 + T + · · ·+ Te−1.

The following calculation is valid for any finite coefficient module after replacing ω2 by an
integer representative modulo the exponent of the finite semidirect products used in the
calculation.

Lemma 5.1 (Finite-exponent independence). Suppose ν and ν ′ represent ω2 modulo the
exponent of every finite semidirect and Heisenberg group occurring in a fixed first- or second-
order calculation. Replacing every ω2-power in the relators by ν or by ν ′ gives the same first
derivative and the same mixed second derivative.

Proof. The two ordinary powers define the same element in each finite group in which the
relator is evaluated. First and mixed derivatives are, by definition, the noncentral and central
coordinates of those finite evaluations. They are therefore identical. The representative
may be chosen separately for each finite coefficient calculation; no global coherent integer is
required. □

Lemma 5.2 (Exact class-two identity). Let

1 −→ Z −→ Ṽ −→ V −→ 1
be a central extension in which V and Z are elementary abelian 2-groups, and let ϕ be an
automorphism of Ṽ fixing Z. For X,D ∈ Ṽ , put

hϕ(X,D) = ϕ(X)X ϕ(D)DD2[ϕ(D), D].
Then

hϕ(X,D) = ϕ(X)XD−1ϕ(D). (32)
Consequently:

(i) if D and X have the same image in V , then hϕ(X,D) = X2;
(ii) if ϕ is the identity, then hϕ(X,D) = X2 for every D.

Proof. The group Ṽ has class at most two, every commutator has order at most two, and
every element has fourth power one. Put A = ϕ(D), B = D, and k = [A,B]. With our
commutator convention AB = BAk; since k is central of order at most two and B2 is
central,

ABB2k = BAB2 = B3A = B−1A.

This proves (32).
If D = Xz with z ∈ Z, then ϕ(z) = z and D−1ϕ(D) = X−1ϕ(X). Hence hϕ(X,D) =

ϕ(X)2 = X2, because X2 ∈ Z and ϕ fixes Z. If ϕ = 1, (32) gives the second assertion
directly. □

Lemma 5.3 (The elementary and class-two shadow of h0). Let V be either the trivial
module or a nontrivial simple tame F2[C]-module. For an arbitrary lower map, the marked
wild subgroup acts trivially on every simple factor, so the evaluated simple-factor derivatives
are the same as those of the induced tame lower map. At that tame map:

(i) the first derivative of h0 is the first derivative of x2
0, namely zero;
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(ii) on the normalized degree-one representatives supported on x0, the mixed Heisenberg
and extraspecial central coordinates of h0 are respectively those of x2

0.
Thus h0 may replace x2

0 in every linear, cup-product, and determinant calculation used below.

Proof. We first compute the linear variation of h0 and then treat its class-two central
coordinate separately in the cases P = 0 and P = 1.

Let U = Sω
2 . If the first-order variations of τ and x0 are b and c, then

Dd0 = Pb+ (P + 1)c, Dx0 = c.

The variation of g0 affects only terms of order at least two, because the base values of x0
and d0 at the tame map are both the identity. If P = 0, then Dd0 = c = Dx0, and the
four linear terms in hg0(x0, d0) cancel. If P = 1, then T = 1 and the 2-primary part U acts
trivially on a simple characteristic-2 module; again the four linear terms cancel. This proves
(i).

For the normalized cohomology representatives used in the mixed and quadratic calcula-
tions, only x0 varies. If P = 0, the two elements d0 and x0 have the same image c in V , so
lemma 5.2(i) applies. If P = 1, then Dd0 = 0 and T = 1. The 2-primary operator U acts
trivially on the simple quotient V . Its lift to a Heisenberg or extraspecial coefficient group
is therefore a central automorphism. Such an automorphism has order at most 2, because it
is determined by a homomorphism from the elementary quotient to the central involution.
Hence g0 = σ2

2 acts trivially on the full coefficient group, and lemma 5.2(ii) applies. For
the trivial module, T = U = 1, so the second case applies without modification. Taking
the mixed Heisenberg central kernel gives the square diagonal λ(c); taking the extraspecial
central kernel gives q(c). This proves (ii). □

Lemma 5.4 (Full finite-word ledger). At a tame lower map, write first-order variations
of (σ, τ, x0, x1) as (a, b, c, d). Let S,T be the lower actions of σ, τ , put U = Sω

2 , and let
P = 1 + T + · · ·+ Te−1 for the odd order e of T. The raw finite Fox rules give

D(ui) = P (Dxi +Dτ), D(d0) = Pb+ (P + 1)c, D(z0) = U−1c.

The first-order contributions of the wild factors are
factor a b c d
h0 0 0 0 0
u−1

1 0 P 0 P
xσ

1 0 0 0 S−1

[d0, z0] 0 0 0 0.

Thus the wild row is Lw = Pb+ (P + S−1)d.
Write bcl for the bilinear commutator pairing of the chosen class-two coefficient group. For

the mixed Heisenberg or extraspecial calculation on the normalized cohomology representative
supported on x0, the complete central ledger is

factor V -coordinate central coordinate
h0 0 λ(c) in H(V ), q(c) for κ0

q

u−1
1 0 0
xσ

1 0 0
d0 = (x0τ)ω

2x
−1
0 (P + 1)c ∗

z0 = xσ2
0 U−1c ∗

[d0, z0] 0 bcl((P + 1)c,U−1c).
The symbols ∗ are irrelevant because d0 and z0 enter the relator only through their commutator.
The safety of replacing h0 by x2

0 in these ledgers is exactly lemma 5.3: the variation of
g0 = σ2

2 starts in order at least two; when P = 0 one has Dd0 = Dx0, so lemma 5.2(i)
applies; when P = 1, the lift of U to the class-two coefficient group is a central automorphism
of order at most two, so g0 acts trivially and lemma 5.2(ii) applies.
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Lemma 5.5 (Evaluated Jacobian). Write the lift variables on (σ, τ, x0, x1) as (a, b, c, d) ∈ A4.
On a simple tame module the actual relation differential is

d1
ρ,A =

(
S−1(1 + T) S−1 + 1 + T 0 0

0 P 0 P + S−1

)
. (33)

Equivalently,
Lt = S−1(1 + T)a+ (S−1 + 1 + T)b, (34)
Lw = Pb+ (P + S−1)d. (35)

Postcomposing the tame defect coordinate by S gives the row-normalized expression
(1 + T)a+

(
1 + S(1 + T)

)
b,

which may be used for rank calculations only. The word complex, the mixed derivative, and
the endpoint maps below use the unnormalized row (34).

Proof. Use (u, g)(v, h) = (u+ gv, gh) in A⋊ C. A direct calculation gives
D(τστ−2)(a, b) = S−1(T− 1)a+

(
S−1 − (1 + T)

)
b.

Over F2 this is exactly (34).
For an odd-order T-orbit, differentiation of a ω2-power gives the norm projector P . By

lemma 5.3, the word h0 has the first-order value of x2
0, hence zero. The remaining wild

factors give
a b c d

h0 0 0 0 0
u−1

1 0 P 0 P
xσ

1 0 0 0 S−1

[d0, z0] 0 0 0 0.
Their sum is (35). Without the simplicity assumption, the same finite Fox rules define
the word complex; the displayed reduction is the simple-factor calculation used in the
devissage. □

5.2. The Fox–Heisenberg cup calculation. For an elementary module A, set
H(A) = A×A∨ × F2,

with multiplication
(a, λ, z)(a′, λ′, z′) = (a+ a′, λ+ λ′, z + z′ + λ(a′)).

The C-action is diagonal. If a finite word has evaluated coordinates
(ū, Du, D

∨
u , βu),

then multiplication and inversion obey
Duv = Du + ūDv, D∨

uv = D∨
u + ūD∨

v , (36)
βuv = βu + βv + (D∨

u )(ūDv), βu−1 = βu + (ū−1D∨
u )(ū−1Du). (37)

These are the finite Fox recursion formulas. The Stokes identities below are proved directly
by conjugation in the finite Heisenberg group; no cellular diagonal approximation is used.
All identities in this subsection are identities of finite word evaluations before cohomology.
In particular, coefficient functoriality and the later passage to nonsplit elementary modules
are proved at the level of complexes and mapping cones; no semisimple decomposition of
the C-module A is used.

Lemma 5.6 (Strict coefficient naturality). For every C-module map f : A→ A′, the mixed
derivatives satisfy

βA′
ρ,r(f∗a, λ

′) = βA
ρ,r(a, f∨λ′).
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Proof. Evaluate the same finite relator in the mixed Heisenberg group

A×A′∨ × F2, (a, λ, z)(a′, λ′, z′) = (a+ a′, λ+ λ′, z + z′ + λ(f(a′))).

Its two natural images in H(A′) and H(A) have the same central coordinate. This gives the
identity before passage to cohomology. □

Lemma 5.7 (Finite-word Stokes formula). Let Fn = ⟨g1, . . . , gn⟩ be a free group, let
ρ : Fn → C be a homomorphism to a finite group, and write ci = ρ(gi). Let r ∈ Fn be
an ordinary finite word with ρ(r) = 1, and let ϵi(r) ∈ F2 be the total exponent of gi in r,
reduced modulo 2.

For x = (xi) ∈ An and y = (yi) ∈ (A∨)n, evaluate r after replacing gi by (xi, yi, 0; ci) ∈
H(A) ⋊ C. Write the result as (

LA
r (x), LA∨

r (y), βr(x, y); 1
)
.

Then, for a ∈ A and λ ∈ A∨,

βr(d0a, y) = ⟨a, LA∨
r (y)⟩+

n∑
i=1

ϵi(r) yi(cia), (38)

βr(x, d0λ) = ⟨LA
r (x), λ⟩+

n∑
i=1

ϵi(r)λ(xi), (39)

where
d0a = ((ci − 1)a)i, d0λ = ((ci − 1)λ)i.

Consequently, for words r1, . . . , rm and coefficients tj ∈ F2 satisfying
m∑

j=1
tjϵi(rj) = 0 (1 ≤ i ≤ n), (40)

the corresponding traced mixed coordinate satisfies the two Stokes identities without correction
terms.

Proof. The two identities follow from conjugating by a primal and a dual coefficient, after
which the total exponent vector records the central correction contributed by each generator.

Put
pa = (a, 0, 0; 1), pλ = (0, λ, 0; 1), z(t) = (0, 0, t; 1).

A direct multiplication in H(A) ⋊ C gives

p−1
a (0, yi, 0; ci)pa = ((ci − 1)a, yi, 0; ci) z

(
yi(cia)

)
,

p−1
λ (xi, 0, 0; ci)pλ = (xi, (ci − 1)λ, 0; ci) z

(
λ(xi)

)
.

The elements z(t) are central of order at most two. Therefore, on evaluating an ordinary
word, the extra central factor attached to the ith generator occurs exactly ϵi(r) times.

If only the dual variables yi are present, the value of r is (0, LA∨
r (y), 0; 1). Conjugating

this value by pa contributes the central coordinate LA∨
r (y)(a). Adding the generatorwise

central corrections gives (38). Repeating this conjugation calculation with pλ starts from
(LA

r (x), 0, 0; 1) and gives (39). Condition (40) cancels the correction terms. Every step is
functorial in A. □

Proposition 5.8 (Traced finite-word Stokes identity). Let βt and βw be the mixed central
coordinates obtained from the tame and wild relators, and set

Bρ,A = βt + βw.
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Let Lt and Lw denote the two unnormalized first relation differentials. Then, before passage
to cohomology,

Bρ,A(d0
ρ,Aa, y) = ⟨a, LA∨

t (y) + LA∨
w (y)⟩, (41)

Bρ,A(x, d0
ρ,A∨λ) = ⟨LA

t (x) + LA
w(x), λ⟩. (42)

The identities are natural in A. They are assertions about the sum of the two relator
coordinates; in general they are false for either relator separately.
Proof. We compute the two relators’ mod-2 exponent vectors, apply the finite-word Stokes
formula to their sum, and then invoke finite-exponent independence and coefficient naturality.

Choose an odd ordinary integer representative of ω2 which is valid in every finite semidirect-
Heisenberg group in the calculation, and replace the two profinite relators by the resulting
ordinary words rt and rw. In the ordered generator list (σ, τ, x0, x1) their mod-2 exponent
vectors are

ϵ(rt) = (0, 1, 0, 0), ϵ(rw) = (0, 1, 0, 0).
Indeed, rt = τστ−2 has odd total τ -exponent. For rw = h0u

−1
1 xσ

1c0, the commutator c0
has zero exponent vector. The word h0 also has zero exponent vector: the two x0-terms
cancel modulo 2, the two occurrences of d0 cancel, d2

0 has even exponent vector, and hc is a
commutator. Finally, u−1

1 contributes x1 + τ and xσ
1 contributes x1. Thus the sum of the

two exponent vectors is zero.
Apply lemma 5.7 with trace coefficients (1, 1). The correction terms in (38) cancel and

give (41); the correction terms in (39) cancel and give (42). Independence of the chosen
integer representative is lemma 5.1, and strict coefficient naturality is lemma 5.6. □

Remark 5.9 (The trace is essential). There is a small explicit regression test. Take
C = GL2(F2) with

S =
(

0 1
1 0

)
, T =

(
0 1
1 1

)
, S−1TS = T2,

and let A = F2
2 be the natural module. For a = e2 and the dual variation supported on τ

with value e∨
2 , the tame relator alone has mixed central value 0, whereas pairing its dual

first derivative with a gives 1. The wild relator supplies the compensating value. Thus a
relator-by-relator Stokes formula would assert 0 = 1, while the traced formula above is exact.

For x ∈ A4 and y ∈ (A∨)4, let
Bρ,A(x, y) = βρ,rt(x, y) + βρ,rw(x, y)

be the sum of the two mixed central coordinates. The following proposition constructs the
chain map used below, including its degree-zero and degree-two components.
Proposition 5.10 (The Fox–Heisenberg chain map). Under the canonical identifications

Hom((A∨)2,F2) ∼= A2, Hom((A∨)4,F2) ∼= A4, Hom(A∨,F2) ∼= A,

define
D0

ρ,A(a) = (a, a), (43)
⟨D1

ρ,A(x), y⟩ = Bρ,A(x, y), (44)
D2

ρ,A(ut, uw) = ut + uw. (45)

Then Dρ,A = (D0, D1, D2) is a natural chain map
Dρ,A : C•

ρ,A −→ HomF2(C•
ρ,A∨ ,F2)[−2]. (46)

More explicitly,
D1

ρ,Ad
0
ρ,A = (d1

ρ,A∨)∨D0
ρ,A, (47)

D2
ρ,Ad

1
ρ,A = (d0

ρ,A∨)∨D1
ρ,A. (48)
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Proof. The endpoint maps are induced by the scalar trace tr(yt, yw) = yt + yw. Equations
(41) and (42), proved by the direct finite-word calculation of lemma 5.7, are exactly (47)
and (48), respectively. Strict naturality in A is lemma 5.6 and proposition 5.8. Hence (46)
is a natural chain map in all three degrees. □

Lemma 5.11 (Exact cone dévissage). For an elementary F2[C]-module A, put

K(A) = Cone
(
Dρ,A : C•

ρ,A −→ HomF2(C•
ρ,A∨ ,F2)[−2]

)
. (49)

For every short exact sequence of finite F2[C]-modules

0 −→ A′ −→ A −→ A′′ −→ 0,

there is a degreewise short exact sequence of complexes

0 −→ K(A′) −→ K(A) −→ K(A′′) −→ 0. (50)

Consequently, if two of K(A′), K(A), and K(A′′) are acyclic, then so is the third. In
particular, acyclicity for all simple modules implies acyclicity for every elementary module,
including nonsplit and nonsemisimple modules.

Proof. We verify exactness for the word complexes, then for their duals, and finally for the
associated mapping cones.

The finite-word construction is additive and exact in the coefficient module, so the source
complexes form a degreewise short exact sequence

0 −→ C•
ρ,A′ −→ C•

ρ,A −→ C•
ρ,A′′ −→ 0. (51)

Dualizing the coefficient sequence gives

0 −→ A′′∨ −→ A∨ −→ A′∨ −→ 0.

Applying the same finite-word complex and then HomF2(−,F2) reverses this sequence once
more, and yields

0 −→ HomF2(C•
ρ,A′∨ ,F2)[−2] −→ HomF2(C•

ρ,A∨ ,F2)[−2]
−→ HomF2(C•

ρ,A′′∨ ,F2)[−2] −→ 0.
(52)

For compactness write
C†(A) = HomF2(C•

ρ,A∨ ,F2)[−2].
Strict coefficient naturality of the Heisenberg central coordinate gives the commutative
diagram

C•
ρ,A′ −→ C•

ρ,A −→ C•
ρ,A′′

↓ Dρ,A′ ↓ Dρ,A ↓ Dρ,A′′

C†(A′) −→ C†(A) −→ C†(A′′).
Here the rows are the nonzero portions of (51) and (52), and commutativity is lemma 5.6
and proposition 5.10. Mapping cones are formed degree by degree, so this diagram gives
(50). The associated long exact cohomology sequence proves the two-out-of-three assertion.
Applying it successively to a composition series of A proves the final statement. □

Lemma 5.12 (Simple characteristic-two modules are tame). Let V be a simple F2[C]-
module occurring in the induction. Then the marked normal 2-subgroup of C acts trivially
on V . Hence V factors through the finite tame quotient of C.

Proof. A finite 2-group acting on a nonzero vector space over F2 has a nonzero fixed
vector. Since the 2-subgroup is normal in C, the fixed subspace is a nonzero C-submodule.
Simplicity forces this fixed subspace to be all of V . □
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Lemma 5.13 (Normal forms for nontrivial simple modules). Let V be a nontrivial simple
tame F2[C]-module. Every class in H1

A,ρ(V ) has a unique representative supported on x0:

(a, b, c, d) ∼ (0, 0, c, 0). (53)
More precisely, the two possible inertia cases are as follows.

(i) If T = 1, then P = 1, 1 + S−1 is invertible, and
Z1

A,ρ(V ) = {(a, 0, c, 0) : a, c ∈ V }, B1
A,ρ(V ) = {((S− 1)v, 0, 0, 0) : v ∈ V }.

(ii) If V T = 0, then P = 0 and T − 1 = 1 + T is invertible. The wild row first forces
d = 0. Subtracting the coboundary of v = (T− 1)−1b kills b, and the tame row then
forces a = 0.

Under the representatives (53), the degree-one pairing with the corresponding representative
λ ∈ V ∨ is

(c, λ) 7−→

λ(c), T = 1,
λ((1 + U + U−1)c), V T = 0.

(54)

Both operators in (54) are invertible.

Proof. We reduce separately in the cases of trivial inertia and vanishing inertia fixed space,
and then evaluate the pairing on the resulting unique normal forms.

Because tame inertia is normal, V T is a C-submodule; simplicity gives either T = 1 and
P = 1, or V T = 0 and P = 0.

If T = 1, the two rows of (33) reduce to b = 0 and (1 + S−1)d = 0. A nonzero kernel
of 1 + S−1 would be the S-fixed subspace and hence a nonzero submodule, so 1 + S−1 is
invertible and d = 0. The displayed descriptions of Z1 and B1 follow. The same argument
shows that S− 1 is invertible, so each class has a unique representative (0, 0, c, 0).

If V T = 0, then 1 + T is invertible. The wild row is S−1d = 0, hence d = 0. For a cocycle
(a, b, c, 0), subtract the coboundary of v = (T− 1)−1b. The new representative has b = 0,
and its tame row is S−1(1 + T)a = 0, so a = 0. Uniqueness follows because a coboundary
with zero T-coordinate has (T− 1)v = 0, hence v = 0.

The pairing formula is lemma 5.14. In the ramified case U has 2-power order, so its
minimal polynomial divides a power of X + 1. Since X2 +X + 1 is coprime to X + 1,

1 + U + U−1 = U−1(U2 + U + 1)
is invertible. The unramified operator is the identity. □

Lemma 5.14 (Mixed Hessian calculation). Let V be a nontrivial simple tame module,
put U = Sω

2 , and represent a class in H1
A,ρ(V ) by the cocycle supported on x0 with value c.

Represent the dual class similarly by λ ∈ V ∨. The mixed central contributions are
word contribution T = 1 V T = 0

rt 0 0
h0 λ(c) λ(c)

[d0, z0] 0 λ(Uc) + λ(U−1c)
all other factors of rw 0 0.

Consequently the degree-one pairing is induced by{
1, T = 1,
1 + U + U−1, V T = 0.

(55)

Proof. The representative exists by the row reduction of (33). By lemma 5.3, the word h0
contributes exactly the usual Heisenberg square diagonal λ(c). In the ramified case the first
derivatives on the x0-coordinate are

Dd0(c) = c, Dz0(c) = U−1c,
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whereas on the dual coordinate they are
Dd0(λ) = λ, Dz0(λ) = U∨λ.

Applying (36)–(37) to the commutator gives
λ(U−1c) + (U∨λ)(c) = λ((U−1 + U)c).

The remaining factors have either zero first derivative on the normalized representatives or
no mixed central term. Adding the h0 contribution proves the table. □

Proposition 5.15 (Candidate deformation duality). For every elementary F2[C]-module
A, the chain map (46) is a quasi-isomorphism. Hence

H2
A,ρ(A)∨ ∼= (A∨)C , dimZ1

A,ρ(A) = 2 dimA+ dim(A∨)C . (56)
The induced pairings

H i
A,ρ(A)×H2−i

A,ρ (A∨)→ F2

are perfect and natural in A.

Proof. We treat the trivial simple module, then the nontrivial simple modules, and finally
pass to arbitrary elementary modules by exact cone dévissage.

For A = F2, all lower actions are trivial, so d0 = 0 and the actual Jacobian is
d1(a, b, c, d) = (b, b).

Thus dimH0 = 1, dimH1 = 3, and dimH2 = 1. On the basis of H1 represented by the
coordinates (σ, x0, x1), the traced Fox–Heisenberg form is

((a, c, d), (a′, c′, d′)) 7−→ ad′ + da′ + cc′,

with matrix 0 0 1
0 1 0
1 0 0

 .

It is nonsingular, and the endpoint trace gives a nonzero H0–H2 pairing. This is exactly
the scalar cup–Bockstein table (25).

For a nontrivial simple module, lemma 5.12 makes the action tame, and lemma 5.13
gives a unique degree-one representative supported on x0. The Jacobian is surjective, so
H0 = H2 = 0 and dimH1 = dimA. On the unique normal forms the degree-one pairing is
exactly (54), and is nonsingular by the final assertion of lemma 5.13. Hence the cone K(A)
is acyclic for every simple module, including the trivial simple module treated above.

For a general elementary module, choose a composition series. The degreewise short
exact cone sequence (50) and its long exact cohomology sequence give acyclicity at each
extension step. Thus Dρ,A is a quasi-isomorphism for every elementary, possibly nonsplit
and nonsemisimple, module A. The numerical formula follows from duality and the Euler
characteristic of (30). □

Proposition 5.16 (Local lifting duality). For every elementary F2[C]-module A,
H2

F,ρ(A)∨ ∼= (A∨)C , dimZ1
F,ρ(A) = 2 dimA+ dim(A∨)C . (57)

The local cup product and invariant map give perfect pairings
H i

F,ρ(A)×H2−i
F,ρ (A∨)→ F2.

Proof. This is local Tate duality, with the mod-2 cyclotomic twist trivial, together with the
local Euler–Poincaré formula for Q2; see [1, Chapter VII, Sections 2–3]. Since the action
factors through C, the invariant space is (A∨)C . Finally

dimZ1 = dimH1 + dimB1 = dimH1 + dimA− dimAC ,

and the Euler characteristic gives the stated expression. □
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Corollary 5.17 (Common lift numerics and adjoint boundaries). For either source, use the
corresponding notation H i

Γ,ρ and Z1
Γ,ρ. Then the obstruction-space dimensions, unobstructed

lift multiplicities, and perfect pairings agree numerically.
For every short exact sequence

0→ T →M → V → 0
and its dual, the connecting maps are adjoint: if

∂Γ,ρ : H1
Γ,ρ(V )→ H2

Γ,ρ(T )

and χ ∈ (T∨)C has dual boundary
γχ = ∂∨

C(χ) ∈ H1(C, V ∨),
then

⟨∂Γ,ρc, χ⟩ = ⟨c, ρ∗γχ⟩Γ. (58)

Proof. For the candidate, (58) is the naturality of the chain map (46) applied to the coefficient
sequence. For the local source it is the compatibility of connecting homomorphisms with
cup product and the local invariant map in the Tate duality pairing used in proposition 5.16.
The numerical assertions are propositions 5.15 and 5.16. □

6. Quadratic determinant obstructions

The linear interface of section 5 does not determine the scalar central pushouts attached
to self-dual simple modules, because their lifting obstruction is quadratic. We construct
a normalized equivariant base class, compute the resulting form on the candidate and
local sides, compare their Gauss sums, and then restore the affine terms required in the
finite-target recursion.
Determinant obstruction. Let

1 −→ R −→ M̃ −→M −→ 1
be a C-equivariant central extension with M̃ of class at most two and with R and M
elementary abelian, and let λ ∈ (R∨)C . Pushing out along λ : R → F2 gives a central
double cover of M . Its square map

qλ(m) = λ(m̃ 2) ∈ F2

is quadratic, with polar form given by the commutator pairing. The scalar degree-two
obstruction obtained by pulling back this cover is called the determinant obstruction. In
the application, its restriction to the nontrivial simple head V is a nonzero nonsingular
quadratic form; this is proved in proposition 7.4.

The notation used for the quadratic and affine terms is as follows.

Symbol Meaning

q a C-invariant nonsingular quadratic form on the simple self-dual
module V

κ0
q the zero-section-normalized equivariant central 2-cocycle on

V ⋊ C whose fibre square map is q
γ the filtration-one class in Z1(C, V ∨); its contribution on V ⋊ C is

the cocycle Γγ

δ the scalar class in Z2(C,F2) inflated from the lower quotient C
e the class in H2(C, T ) of the affine T -extension governing which

V -cocycles lift through M

∆χ,κ the scalar class χ∗e+ δκ + Θ0
q(aχ,κ) obtained after completing the

square
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For the candidate source we write

ιA : H2
A,ρ(F2) −→ F2

for the functional induced by the degree-two trace

D2(ut, uw) = ut + uw

of proposition 5.10. For the local source we write

ιF = invQ2 : H2(GQ2 ,F2) −→ F2.

All quadratic obstruction functions below use the source-specific functional ιΓ.

6.1. The normalized equivariant base class. A C-invariant quadratic form on V need
not admit a C-invariant factor set for a chosen section V → E. The correction terms in the
lifted C-action are therefore included in the equivariant central extension class.

Lemma 6.1 (Equivariant extraspecial connecting cocycle). Let V be an elementary F2[C]-
module, let q : V → F2 be a C-invariant quadratic form with polar form bq, and let

f : V × V → F2, f(v, v) = q(v), f(v, w) + f(w, v) = bq(v, w),

be a normalized factor set for the central extension

Ef = V × F2, (v, z)(w, t) = (v + w, z + t+ f(v, w)).

When an equivariant lift is chosen, its action in the normalized section is written by functions
mc : V → F2 satisfying

mc(v + w) +mc(v) +mc(w) = f(cv, cw) + f(v, w) (59)

and
mcd(v) = mc(dv) +md(v), m1 = 0. (60)

Equivalently,
c · (v, z) = (cv, z +mc(v))

defines an action by automorphisms of Ef . The associated normalized base central cocycle
on V ⋊ C is

κ0
q((v, c), (w, d)) = f(v, cw) +mc(w). (61)

Consequently, for a source Γ, a lower map ρ : Γ→ C, and a normalized V -valued 1-cocycle
b, the base connecting cocycle is

(b, ρ)∗κ0
q(g, h) = f(b(g), ρ(g)b(h)) +mρ(g)(b(h)). (62)

If κ is another normalized central cocycle on V ⋊ C whose restriction to V is the same
quadratic form q, then, after replacing κ by a cohomologous normalized cocycle and changing
the normalized section, the following is an equality of normalized 2-cochains:

κ = κ0
q + Γγ + infV ⋊C

C δ, (63)

where
Γγ((v, c), (w, d)) = γ(c)(cw), γ ∈ Z1(C, V ∨), δ ∈ Z2(C,F2). (64)

After graph pullback and application of the source functional ιΓ, the corresponding scalar
quadratic obstruction is

Qκ,Γ,ρ(b) = Q0
Γ,ρ(b) + ⟨b, ρ∗γ⟩Γ + ιΓ(ρ∗δ), (65)

where
Q0

Γ,ρ(b) = ιΓ
(
(b, ρ)∗κ0

q

)
.

Its polarization is the source pairing transported by bq.



A PROFINITE PRESENTATION FOR GQ2 25

Proof. We verify the equivariant central extension, identify the filtration-one and inflated
difference terms, and then compute the polarization.

Equation (59) is exactly the condition that (v, z) 7→ (cv, z + mc(v)) preserve the mul-
tiplication in Ef ; equation (60) says that these automorphisms form a genuine C-action.
Multiplication in the semidirect product attached to this lifted action is

(v, c, z)(w, d, t) = (v + cw, cd, z + t+ f(v, cw) +mc(w)), (66)

which gives (61). Pulling back this cocycle by the graph of a 1-cocycle b gives (62). This
is the term which would be missing if one incorrectly assumed that the section v 7→ (v, 0)
were C-equivariant.

For the difference statement, the quotient κ − κ0
q restricts trivially to V × V . In the

normalized Lyndon–Hochschild–Serre filtration for the split extension 1→ V → V ⋊ C →
C → 1, such a class has only a filtration-one part in Z1(C, V ∨) and an inflated scalar part
in Z2(C,F2). The normalized representative is exactly (64); the cocycle condition for it
is the condition that γ be a 1-cocycle. Pullback along (b, ρ) gives (65). Polarization of
the base term is obtained by adding the formulas for b+ b′, b, and b′; the mc-contribution
cancels because each mc has polar form f(c−, c−) + f(−,−), and the remaining term is
bq(b ⌣ b′). The difference terms in (65) are linear or inflated scalar terms and therefore do
not change the polar form. □

Lemma 6.2 (Explicit involution-orbit cocycle). Let H be a finite group, let g ∈ H have
order 2, and let M = F2[H] with left-regular action

(cx)h = xc−1h.

Choose a set R ⊂ H of representatives for the right cosets u⟨g⟩. For c ∈ H and u ∈ R,
write uniquely

c−1u = πc(u)gϵc(u), πc(u) ∈ R, ϵc(u) ∈ F2. (67)
Define

qg(x) =
∑
u∈R

xuxug, (68)

fg(x, y) =
∑
u∈R

xuyug, (69)

mg
c(x) =

∑
u∈R

ϵc(u)xπc(u)xπc(u)g. (70)

Then

mg
c(x+ y) +mg

c(x) +mg
c(y) = fg(cx, cy) + fg(x, y), (71)

mg
cd(x) = mg

c(dx) +mg
d(x), mg

1 = 0. (72)

Consequently
κR

g ((x, c), (y, d)) = fg(x, cy) +mg
c(y) (73)

is a normalized 2-cocycle on M ⋊H. It vanishes on the zero section H ↪→M ⋊H, and its
restriction to M has square map qg.

Proof. We first compute the transition functions for the right-coset action, then verify the
quadratic correction, and finally apply the general equivariant extension formula.

From (67) one obtains

πcd = πd ◦ πc, ϵcd(u) = ϵc(u) + ϵd(πc(u)). (74)

Moreover,
fg(cx, cy) =

∑
u∈R

xπc(u)gϵc(u)yπc(u)gϵc(u)+1 .
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For ϵc(u) = 0 this is the summand of fg(x, y) indexed by πc(u); for ϵc(u) = 1 its orientation
is reversed. Therefore

fg(cx, cy) + fg(x, y) =
∑
u∈R

ϵc(u)
(
xπc(u)yπc(u)g + xπc(u)gyπc(u)

)
,

which is exactly the polarization of (70). This proves (71).
The product xvxvg is unchanged when v is replaced by vg. Hence

mg
c(dx) =

∑
u∈R

ϵc(u)xπd(πc(u))xπd(πc(u))g.

Adding mg
d(x) and using (74) gives (72). The cocycle assertion now follows directly from

lemma 6.1. Finally, fg(x, x) = qg(x) and mg
1 = 0, proving the restriction and normalization

claims. □

Lemma 6.3 (Base equivariant determinant class). Let V be a nontrivial simple self-dual
tame F2[C]-module, let H = HV be its faithful tame image, and let q : V → F2 be a nonzero
H-invariant nonsingular quadratic form. There is a normalized base class

κ0
q ∈ Z2(V ⋊H,F2)

whose restriction to V has square map q.
Choose an H-split pair

V
i−→W = F2[H]N p−→ V, pi = 1,

and put qW = q ◦ p. In the left-regular coordinates Xj,h of W , the unique algebraic normal
form of the H-invariant quadratic map qW is a sum of orbit polynomials of the following
three types:

Sj =
∑
h∈H

X2
j,h,

Cj,k,g =
∑
h∈H

Xj,hXk,hg when the corresponding unordered pair has trivial stabilizer,

Ej,g =
∑

u∈Rg

Xj,uXj,ug, g2 = 1, g ̸= 1,

where Rg is any set of representatives for the right cosets of ⟨g⟩ in H. For a square orbit
use the H-invariant factor set

fSj (x, y) =
∑
h∈H

xj,hyj,h, mc = 0. (75)

For a free orbit use
fCj,k,g

(x, y) =
∑
h∈H

xj,hyk,hg, mc = 0. (76)

For an involution-stabilized orbit use the cocycle (73) of lemma 6.2 on the jth regular
summand, with R = Rg. Let κ0

qW
be the sum of the cocycles corresponding to the orbit

polynomials occurring in qW , and put
κ0

q = (i⋊ 1)∗κ0
qW
. (77)

Then κ0
q vanishes on the zero section and resV (κ0

q) has square map q. If a lower target has
quotient C acting through H, we inflate this class along C → H and keep the same notation.

Proof. We construct the class on a split regular module by the three possible orbit types of
quadratic monomials and then pull it back to V .

If V is ramified, V is projective over F2[H] by lemma 6.11; if V is unramified, the 2-
primary subgroup of the cyclic unramified image acts trivially on every simple characteristic-2
module, so the faithful image H has odd order and Maschke’s theorem applies. Thus the
split pair exists.
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The algebraic normal form of a quadratic map over F2 is determined by its values on the
coordinate vectors and by its polar form. H-invariance makes its coefficients constant on
the orbits of unordered degree-two coordinate monomials. Since the action on each regular
coordinate set is free, the stabilizer of an unordered pair is either trivial or has order two
and exchanges the two entries. The latter possibility is exactly j = k with a nontrivial
involution g, and gives Ej,g.

The factor sets (75) and (76) are H-invariant, vanish on the zero section, and have square
maps Sj and Cj,k,g, respectively. By lemma 6.2, the explicit cocycle for Ej,g has square
map Ej,g and also vanishes on the zero section. Their sum is therefore an actual normalized
equivariant central cocycle on W ⋊H with fibre square map qW . Pullback along i⋊ 1 gives
fibre square map qW (iv) = q(v) and preserves zero-section normalization. □

Lemma 6.4 (Uniqueness and isometry invariance of the normalized base class). Let V ,
H = HV , and q be as in lemma 6.3. Then

H1(H,V ∨) = 0. (78)

Any two classes in H2(V ⋊H,F2) which restrict to the class with square map q on V and
restrict trivially along the zero section H ↪→ V ⋊H are equal. Consequently, changing the
normalized factor set, the correction functions mc, the half-orbit transversals, or the H-split
regular embedding and retraction changes κ0

q only by a normalized coboundary. In particular
the base quadratic obstruction Q0

Γ,ρ is well-defined.
Moreover, every H-equivariant isometry u of (V, q) fixes the normalized base class:

(u⋊ 1)∗[κ0
q ] = [κ0

q ]. (79)

Proof. We first prove the required cohomology vanishing, then use the low-degree Lyndon–
Hochschild–Serre sequence for uniqueness, and finally deduce choice-independence and
isometry invariance.

If V is unramified, its faithful image H has odd order: the 2-primary subgroup of the
cyclic unramified image acts trivially on every simple characteristic-2 module. Hence
positive-degree F2[H]-cohomology vanishes by averaging.

Assume that V is ramified, and let I ◁ H be the odd tame-inertia subgroup. The fixed
space (V ∨)I is an H-submodule. It is zero, because V is simple and inertia acts nontrivially.
Since |I| is odd, Hj(I, V ∨) = 0 for j > 0. The Hochschild–Serre spectral sequence for
1→ I → H → H/I → 1 therefore gives [5, Chapter VII]

Hn(H,V ∨) = 0 (n ≥ 0).

In particular (78) holds in both cases.
Put G = V ⋊H. For an elementary abelian 2-group V , the square-map correspondence

H2(V,F2) ∼−→ {quadratic maps V → F2}

is an isomorphism: the polarization recovers the commutator form, and the square and
commutator data determine the central extension class. Thus two classes with square map
q have the same fibre restriction.

The low-degree Lyndon–Hochschild–Serre sequence for 1→ V → G→ H → 1 contains
the exact segment [5, Chapter VII]

H2(H,F2) inf−→ ker
(
H2(G,F2) −→ H2(V,F2)

) edge−−−→ H1(H,V ∨). (80)

Let ξ be the difference of two classes with the stated normalizations. Its fibre restriction is
zero. By (78) and exactness of (80), ξ = inf(δ) for some δ ∈ H2(H,F2). Pullback along the
zero section is a left inverse to inflation, while both classes vanish there. Hence δ = 0 and
ξ = 0.
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At the filtration-one level one can see the same cancellation directly. If γ = dh for h ∈ V ∨,
then the normalized 1-cochain

ℓh(v, c) = h(v) (81)
on V ⋊H satisfies dℓh = Γdh, with Γ as in (64).

If normalized cocycle representatives are used, their difference is da for a normalized
1-cochain a. Since the difference vanishes on H ×H, a|H is a 1-cocycle. Subtracting its
inflation makes a vanish on the zero section without changing da. Thus all choices in
lemma 6.3 give isomorphic normalized central extensions, and transport of lifts through
that isomorphism leaves both the candidate relator obstruction and the local pullback class
unchanged. This proves the choice-independence of Q0

Γ,ρ.
Finally, (u⋊ 1)∗κ0

q has the same fibre square map and the same zero-section restriction
as κ0

q , so uniqueness proves (79).
The uniqueness assertion is deliberately made over the faithful image HV . After inflation

to a larger quotient C acting through HV , the group H1(C, V ∨) need not vanish; its
contribution is precisely the filtration-one term Γγ in (63), and it remains part of the
target-side affine data. □

6.2. Candidate-side calculation. Let V be a nontrivial self-dual simple tame module,
let q : V → F2 be invariant and nonsingular, let bq be its polar form, and let κ0

q be the base
equivariant determinant class of lemma 6.3. The candidate determinant calculation below
is made in the lifted semidirect product (66); thus all mc-terms are included.

Proposition 6.5 (Complete base second-order word expansion). With S,T, P,U = Sω
2 as

above, evaluation of the actual relator (6) for the base class κ0
q gives

Q0
A(c) = q(c) + bq((P + 1)c,U−1c). (82)

Equivalently,

Q0
A(c) =

{
q(c), T = 1,
q(c) + bq(c,U−1c), V T = 0.

(83)

Its ramified polar form is
bA(c, c′) = bq(c, (1 + U + U−1)c′). (84)

For a general determinant class κ = κ0
q + Γγκ + inf δκ, one has

QA,κ,ρ(c) = Q0
A(c) + ⟨c, ρ∗γκ⟩A + ιA(ρ∗δκ). (85)

Proof. We evaluate the square contribution of h0, the commutator contribution of d0 and
z0, and then polarize the resulting quadratic expression.

Normalize a cohomology representative so that only x0 varies, by c. In terms of (66), the
complete base contribution ledger is

factor V -coordinate central coordinate
h0 0 q(c)
u−1

1 0 0
xσ

1 0 0
d0 = (x0τ)ω

2x
−1
0 (P + 1)c ∗

z0 = x
σω

2
0 U−1c ∗

[d0, z0] 0 bq((P + 1)c,U−1c)
The starred entries contain ordinary f -terms and the m-terms of the lifted C-action. They
occur only as central coordinates of d0 and z0, and central coordinates do not affect the
commutator. Since the lower values of d0 and z0 at the tame map are both the identity, the
commutator contribution is exactly the polar form of their V -coordinates, bq((P +1)c,U−1c).

The first line is the extraspecial case of lemma 5.3, but we recall why it remains valid
with the m-terms present. The class-two identity lemma 5.2 uses only that the lift of the
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relevant tame operator is an automorphism of the central extension and fixes the centre; it
does not assume that the chosen section is equivariant. If P = 0, then d0 and x0 have the
same image in V , so the identity gives the square of x0, namely q(c). If P = 1, then T = 1
and the lift of U is a central automorphism of order at most 2, so g0 = σ2

2 acts trivially on
the class-two coefficient group and the same identity applies.

The factors u−1
1 and xσ

1 have zero V -coordinate on the normalized representative, and
hence no quadratic central contribution. Multiplying the table gives (82). Polarizing and
using the U-invariance of bq gives (84); the operator is invertible by the same polynomial
argument used in proposition 5.15. Finally, (85) is exactly (65) on the candidate source. □

6.2.1. The Arf invariant of the candidate form.

Lemma 6.6 (Wall doubling). Let (V, q) be nonsingular over F2, with polar form bq, and
let U ∈ O(V, q) have 2-power order. Put

qU(x) = q(x) + bq(x,U−1x).

Then qU is nonsingular and

Arf(qU) = Arf(q) + rank(1 + U) (mod 2). (86)

Proof. Let N = 1 + U, R = NV , and K = kerN . Since q(Ux) = q(x),

bq(x,U−1x) = bq(x,Ux) = q(Nx),

so qU(x) = q(x) + q(Nx). Define the nondegenerate Wall form on R by

ω(Nx, u) = bq(x, u).

In (V, qU) ⊥ (V, q), the diagonal {(k, k) : k ∈ K} is totally singular. Its orthogonal quotient
is R⊕R with quadratic form

Φω(v, u) = ω(v, v) + ω(u, u) + ω(v, u).

If v 7→ ω(v, v) is nonzero, split an anisotropic plane from Φω; if ω is alternating, split
a symplectic plane from R, which contributes a hyperbolic four-space. Induction gives
Arf(Φω) = dimR (mod 2), proving (86). □

Lemma 6.7 (Invariant quadratic forms on a hermitian line). Let F/F0 be a quadratic
extension of finite fields of characteristic 2, write x 7→ x∗ for its involution, and let
U1 = {u ∈ F× : uu∗ = 1}. Let W be a one-dimensional F -space. Every nonsingular
U1-invariant quadratic form Q : W → F2 is uniquely of the form

Q(x) = TrF0/F2(axx∗) (a ∈ F×
0 ).

Proof. Choose a generator u0 of the cyclic group U1. Since 2m ≡ −1 (mod 2m + 1) and
no smaller positive power of 2 is 1 modulo 2m + 1, the element u0 has degree 2m over F2;
hence F2[u0] = F . Invariance gives

bQ(dx, y) = bQ(x, d∗y) (d ∈ F ).

Putting ℓ(y) = bQ(1, y), we obtain bQ(x, y) = ℓ(x∗y). Write ℓ(z) = TrF/F2(cz) for the
unique c ∈ F . Symmetry of bQ forces c = c∗, hence c ∈ F0, and therefore

bQ(x, y) = TrF0/F2

(
c(xy∗ + x∗y)

)
.

Conversely these forms are alternating, and they are nonsingular exactly when c ̸= 0. The
quadratic form qc(x) = TrF0/F2(cxx∗) has this polarization. Hence Q− qc is a U1-invariant
linear form. Writing such a form as x 7→ TrF/F2(bx), invariance under u0 gives b(u0−1) = 0,
so b = 0. Thus Q = qc, uniquely, and nonsingularity gives c ∈ F×

0 . □
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Lemma 6.8 (Ramified Hermitian model and Frobenius fixed space). Let I = ⟨T⟩ be tame
inertia, let V be a simple ramified self-dual F2[HV ]-module, and write

V |I ∼= W⊕s, f = dimF2 W = 2ar, r odd, a ≥ 1.

Let q be an HV -invariant nonsingular quadratic form with polar form bq. Then

Arf(q) ≡ s (mod 2). (87)

For U = Sω2 one also has

dimF2 V
U = rs, rank(1 + U) = rs(2a − 1) ≡ s (mod 2). (88)

Consequently the ramified candidate base form of (83) has Arf(Q0
A) = 0.

Proof. We identify the invariant quadratic form with a Hermitian form, compute its Arf
invariant one Hermitian line at a time, and then determine the fixed space of the 2-primary
Frobenius operator.

Put
FV = EndI(W ) ∼= F2f .

Choose an inertia character ζ over F2; then W is the additive group of FV and T acts by
multiplication by ζ. Since V |I has only the irreducible isomorphism type W and V ∼= V ∨,
the inverse character ζ−1 lies in the Frobenius orbit of ζ. The character is nontrivial of odd
order, so this orbit has even length and

ζ−1 = ζ2f/2
.

Set
FV,0 = F2f/2 , x∗ = x2f/2

.

After an I-module identification V ∼= F s
V , the nondegenerate I-invariant form bq is uniquely

expressible as

bq(x, y) = TrFV /F2(x∗tHy), H ∈ GLs(FV ), H∗t = H. (89)

Indeed, invariance under multiplication by ζ, nondegeneracy of the trace pairing, and
symmetry identify the adjoint involution with ∗ and force the matrix to be Hermitian.

Define
qH(x) = TrFV,0/F2(x∗tHx). (90)

The scalar x∗tHx lies in FV,0, and

qH(x+ y) + qH(x) + qH(y) = TrFV,0/F2(x∗tHy + y∗tHx)
= TrFV /F2(x∗tHy) = bq(x, y).

Thus q − qH is linear. It is I-invariant, while (V ∨)I = 0 because the inertia action is
nontrivial and V is simple. Hence q = qH.

Hermitian diagonalization over the finite field extension FV /FV,0 gives

H ∼ diag(a1, . . . , as), ai ∈ F×
V,0.

Therefore q is an orthogonal sum of the s Hermitian-line forms

qai(x) = TrFV,0/F2(aixx
∗).

Write m = f/2. The norm F×
V → F×

V,0 is surjective with fibres of size 2m + 1, and the
trace-zero subspace of FV,0 contains 2m−1 − 1 nonzero elements. Hence

#q−1
ai

(0) = 1 + (2m + 1)(2m−1 − 1) = 22m−1 − 2m−1.

Each Hermitian line has Arf invariant 1. Additivity of the Arf invariant proves (87).
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It remains to compute the fixed space of U. Over F2, the f inertia weights form one
Frobenius cycle, each weight space having multiplicity s. Let eω be the residue modulo
f = 2ar of an integer representing ω2. By the defining congruences of ω2,

eω ≡ 1 (mod 2a), eω ≡ 0 (mod r).

Thus translation by eω on Z/fZ has r cycles, each of length 2a. On one cycle write the
successive maps as

E0
A0−−→ E1

A1−−→ · · ·
A2a−1−−−−→ E0, dimEi = s.

The product A2a−1 · · ·A0 is the action of U2a on E0. The shift by 2aeω is trivial modulo f ,
so U2a centralizes inertia; it also commutes with S, being a power of S. Hence it is a central
2-element of the faithful tame image. A cyclic 2-group acting in characteristic 2 has nonzero
fixed vectors, and centrality makes its fixed space an HV -submodule. Simplicity therefore
forces U2a = 1 on V . Consequently a U-fixed vector on a cycle is uniquely determined by its
component in E0, and that cycle contributes dimension s. There are r cycles, proving (88).

Finally, lemma 6.6 gives

Arf(Q0
A) = Arf(q) + rank(1 + U) = s+ s = 0 in F2.

□

Proposition 6.9 (Candidate base determinant zero count). If d = dimV , then

#(Q0
A)−1(0) =

{
2d−1 − 2d/2−1, V unramified,
2d−1 + 2d/2−1, V ramified.

(91)

Proof. We determine the unramified and ramified signs separately, using the Hermitian-line
count in the first case and lemma 6.8 in the second.

If V is unramified, U = 1 and Q0
A = q. Put FV = EndHV

(V ) ∼= F22m and let FV,0 ∼= F2m

be the fixed field of the adjoint involution d 7→ d∗ defined by the polar form bq. The simple
cyclic module V is a one-dimensional FV -space. The norm-one group

U = {u ∈ F×
V : uu∗ = 1}

preserves bq. For u ∈ U , the function x 7→ q(ux) + q(x) is therefore linear. It is HV -
invariant because u commutes with HV and q is HV -invariant. Since V is nontrivial simple,
(V ∨)HV = 0, so the function is zero. Thus U ≤ O(V, q).

By lemma 6.7,
q(x) = TrFV,0/F2(axx∗), a ∈ F×

V,0.

The norm fibres have size 2m + 1, so the number of zeros is 22m−1 − 2m−1 and the Arf
invariant is 1.

Assume V is ramified. The complete Hermitian and fixed-space calculation is lemma 6.8;
in particular Arf(Q0

A) = 0. For a nonsingular quadratic form of dimension d, the identity

#Q−1(0) = 2d−1 + (−1)Arf(Q)2d/2−1

now gives (91). □

6.3. Local calculation. Let q : V → F2 be the invariant nonsingular quadratic form under
consideration, and let κ0

q be the base equivariant determinant class of lemma 6.3. For a
local cocycle b : GQ2 → V with lower map ρ, put

Q0
loc([b]) = invQ2

[
(b, ρ)∗κ0

q

]
. (92)

This is the base quadratic connecting map. For a general determinant pushout class
κ = κ0

q + Γγκ + inf δκ, the actual local obstruction is obtained from (92) by the difference
formula (65); the affine terms are not folded into the base Gauss sum.
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Let HV be the faithful tame image on V and let K/Q2 be its tame splitting field. Put
MK = K×/K×2 and let Ui be the image of 1 + pi

K . If e = vK(2), then

griMK
∼=

{
kK , 1 ≤ i < 2e odd,
0, 1 ≤ i < 2e even,

(93)

and
U⊥

i = U2e−i+1, −1 ∈ Ue. (94)
These are the standard dyadic square-class filtration and Hilbert-symbol orthogonality
relations; see [7, Chapter XIV, Sections 2–3].

Lemma 6.10 (The middle unit layer is unramified). Assume K/Q2 is tame and put
e = vK(2). Then e is odd, and tame inertia acts trivially on the middle graded piece

Ue/Ue+1.

Consequently a ramified simple tame module does not occur in that graded piece.

Proof. The ramification index of a tame extension of Q2 is odd and equals the order of
tame inertia. On the odd-depth piece grj MK , an inertia element represented by ζ acts
through the character ζ 7→ ζj . At j = e this character is trivial. A ramified simple module
has nontrivial inertia, so its isotypic multiplicity at the middle depth is zero. □

Lemma 6.11 (Faithful-image projectivity). If V is ramified, then V and V ∨ are projective
F2[HV ]-modules.

Proof. We use Clifford theory over an algebraic closure to describe the inertia weights, prove
regularity on Sylow-2 weight blocks, and then descend projectivity to F2.

Let F2 be an algebraic closure, let I ◁ HV be tame inertia, and choose an absolutely
irreducible constituent W0 of V ⊗F2 F2. Since |I| is odd, W0|I is semisimple. Choose a
nontrivial inertia character χ occurring in it, and let Hχ be its stabilizer. Clifford theory
expresses W0 as the induction of a simple Hχ-module on which I acts through χ. The
quotient Hχ/I is cyclic. Since χ is Hχ-invariant and F2 contains all roots needed to satisfy
the single cyclic relation, χ extends to a one-dimensional character of Hχ. After twisting
by that extension, the inducing module factors through the cyclic quotient. Over F2 every
simple module for a cyclic group is one-dimensional, and its 2-primary subgroup acts trivially.
Thus every χ-weight space in W0 is one-dimensional.

Let the Frobenius orbit of χ have length f = 2ar with r odd, and let P be a Sylow
2-subgroup of HV . The image of P in the cyclic quotient HV /I is cyclic. Its action on
the orbit of χ has 2-power orbit length 2a. If an element of P stabilizes χ, it acts on the
one-dimensional χ-weight space by a scalar of 2-power order, hence trivially because F×

2
has no nontrivial 2-power torsion. By conjugacy it then acts trivially on all inertia-weight
spaces of W0, and on every Galois conjugate constituent as well. Faithfulness of the image
HV therefore shows that this stabilizer is trivial. Consequently |P | = 2a, and P acts freely
on the weights in blocks of size 2a.

On each block, transport a nonzero vector around the P -orbit. Because the generator of
P has order 2a, the transported vectors form a regular F2[P ]-basis. Hence the restriction
of every absolutely irreducible constituent, and therefore of V ⊗F2 F2, is a direct sum of
regular F2[P ]-modules. It is projective over F2[P ].

Projectivity descends along the faithfully flat extension F2 ⊂ F2, so V |P is projective
over F2[P ]. The Sylow criterion for modular projectivity now gives projectivity over
F2[HV ]. Replacing every inertia character by its inverse gives the identical Sylow restriction
calculation for V ∨, and hence proves projectivity of the dual module. □

Remark 6.12 (Why the faithful image is required). Projectivity is asserted only for the
faithful image HV . A larger tame quotient may contain an additional unramified 2-power
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subgroup acting trivially on V , and projectivity over that larger group can fail. The base
determinant connecting map depends only on HV ; information involving the extra kernel
belongs to the inflated and filtration-one components separated from the base determinant
calculation.

Normalized-cochain conventions. From this point through lemma 6.15, all coefficient modules
are left modules and all cochains are normalized inhomogeneous cochains. The differential,
cup product, semidirect-product convention, Shapiro map, corestriction, and all changes of
sections and transversals are fixed in section A. In particular, “equal as normalized cochains”
means literal equality in the indicated cochain group; when a choice changes a formula, the
corresponding normalized coboundary is the one displayed in section A.7.

Lemma 6.13 (Universal two-point normalization and the index-two Evens norm). Let
J = ⟨s⟩ ∼= C2, E2 = F2e1 ⊕ F2es, s(x1, xs) = (xs, x1),

and put
qhyp(x1, xs) = x1xs, fJ(x, y) = x1ys, m1 = 0, ms(y) = y1ys.

Then
κJ((x, c), (y, d)) = fJ(x, cy) +mc(y) (95)

is a normalized 2-cocycle on E2 ⋊ J . It restricts to the quadratic map qhyp on E2 and to
zero on the zero section J . Its fibre extension is the dihedral group D8: the two coordinate
lifts are involutions, their commutator is the central involution, and their product has square
equal to that involution. Moreover

[κJ ] = NE2⋊J,Ev
E2

(e∨
1 ) in H2(E2 ⋊ J,F2). (96)

Now let N ◁ G have index 2, identify G/N with J , and let α ∈ Z1(N,F2). Choose lifts
1̃ = 1 and s̃ ∈ G, and define the normalized Shapiro cocycle

b(γ)u = α
(
ũ−1γ˜̄γ−1u

)
, u ∈ J. (97)

This is the degree-one normalized Shapiro map (163). The graph pullback of (95) is
να(γ, η) = b(γ)1b(η)γ̄−1s + ε(γ̄)b(η)1b(η)s, (98)

where ε(1) = 0 and ε(s) = 1. Its class is the index-two Evens norm:

[να] = NG,Ev
N ([α]) ∈ H2(G,F2). (99)

Equivalently, the normalization is

NG
N (1 + [α]) = 1 + corG

N [α] +NG,Ev
N ([α]).

Finally, if g ∈ H is an involution, M = F2[H], J = ⟨g⟩, and π : M → F2[J ] selects the
coordinates indexed by 1 and g, then for every right-coset transversal R,

[κR
g ] = corM⋊H

M⋊J (π ⋊ 1)∗[κJ ]. (100)

Proof. We verify the universal cocycle and its fibre extension, identify its class with the Evens
norm, pull it back to a general index-two inclusion, and then compare the regular-module
half-orbit transfer.

Expanding ms on the two coordinates gives the two identities required in lemma 6.1: for
v, w ∈ E2,

ms(v + w) +ms(v) +ms(w) = fJ(sv, sw) + fJ(v, w), ms(sv) +ms(v) = 0.
Thus (95) is a normalized cocycle. Its square map is x1xs, and it vanishes when both fibre
coordinates are zero. If ẽ1, ẽs are the coordinate lifts, then ẽ2

1 = ẽ2
s = 1, their commutator is

the central generator, and (ẽ1ẽs)2 is that generator; hence the fibre extension is D8.
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For the swap module,

H1(J,E∨
2 ) = ker(1 + s)

im(1 + s) = 0. (101)

The low-degree exact sequence (80) therefore says that a class on E2 ⋊ J is determined
by its restriction to E2 and its restriction to the zero section. Mackey’s formula for the
standard Evens norm gives

resE2 N
E2⋊J,Ev
E2

(e∨
1 ) = e∨

1 e
∨
s , resJ N

E2⋊J,Ev
E2

(e∨
1 ) = 0.

These are exactly the two restrictions of [κJ ], proving (96). Equivalently, this class is the
degree-two component of the relative Stiefel–Whitney class w(Ind ℓ)/w(Ind 1) under the
Evens–Kahn normalization; see [9, 10, 11].

For the general index-two inclusion, the graph

Φα : G −→ E2 ⋊ J, γ 7−→ (b(γ), γ̄)

has inverse image of E2 equal to N , and the pullback of e∨
1 to N is α. Naturality of the

Evens norm in this pullback square and (96) give (99). Direct substitution of (97) into
(95) gives (98) term by term. This is also the degree-two term in Evens’s normalized bar
construction [9, §§4–5]. If s̃ is replaced by s̃a with a ∈ N , then (176) gives the exact change
of the Shapiro cocycle, and (187) gives the resulting normalized 1-cochain whose boundary
is the change in (98). Thus the lift dependence is controlled at cochain level, not only in
cohomology.

For (100), Mackey restriction of the right side to M is∑
u∈H/J

xuxug,

and its zero-section restriction is zero. The explicit class [κR
g ] has the same two restrictions.

Moreover H1(H,M∨) = 0 by Shapiro’s lemma, since M∨ is coinduced. The same low-degree
uniqueness argument proves equality. More precisely, (181) identifies the two representatives
as normalized cochains for the chosen transversal, and (183) displays the normalized 1-
cochain whose boundary is the change under an arbitrary new transversal. □

Lemma 6.14 (Regular-module realization of the base local connecting map). With notation
as in lemma 6.3, the base local determinant form satisfies, for every x ∈ H1(Q2, V ),

Q0
loc,q(x) = Q0

loc,qW
(i∗x). (102)

Under Kummer theory and the normalized Shapiro cochain map, the right side is obtained
by applying the orbit operations of lemma 6.15 to the scalar Shapiro coordinates. Thus the
regular-module computation evaluates the actual base equivariant central class κ0

q, including
the mc-terms; it is not merely a polynomial with the same polarization.

Proof. The equality of classes is the pullback identity κ0
q = (i⋊ 1)∗κ0

qW
from (77). Pulling

that identity back along a Galois graph cocycle gives equality of normalized central 2-cocycles
over GQ2 , hence (102) after applying the local invariant map.

For the second assertion, use the explicit representatives in (75), (76), and (73). Direct
substitution of the normalized Shapiro cocycle gives the square and free-orbit corestriction
formulas. For a half-orbit, the correction term mg

c records exactly whether the action on a
right coset of ⟨g⟩ preserves or reverses the chosen orientation of its two coordinates. Thus
the graph pullback is the normalized corestriction of the two-point graph cocycle (98); by
lemma 6.13 that two-point class is the index-two Evens norm. The full cochain calculation
is written out in lemma 6.15. □

Lemma 6.15 (Quadratic orbit–stabilizer Shapiro). Let W = F2[H]N have coordinates Xr,h

with H acting by left translation on h. If K/F is the H-extension and αr ∈ H1(K,F2) is
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the scalar Shapiro coordinate, then the orbit classes of lemma 6.3 evaluate as follows. For
g ∈ H, choose any lift g̃ ∈ GF and use the convention

(gαs)(n) = αs(g̃−1ng̃) (n ∈ GK).

This is independent of the chosen lift and is the convention fixed in (164):

Sr 7−→ corK/F (α2
r), (103)

Cr,s,g 7−→ corK/F (αr ⌣ gαs), (104)

Er,g 7−→ corK0/F N
Ev
K/K0

(αr), K0 = K⟨g⟩. (105)

Proof. We treat square orbits, free orbits, and involution-stabilized orbits in that order,
recording at each stage whether the identity is literal at cochain level or only after passage
to cohomology.

Choose lifts h̃ ∈ GF of h ∈ H, and write γ̄ for the image of γ ∈ GF in H. With the
left-regular convention used here, the normalized Shapiro map is

br(γ)h = Sh(αr)(γ)h = αr

(
h̃−1γ˜̄γ−1h

)
.

For scalar cocycles α, β on GK , direct substitution into the normalized bar corestriction
gives ∑

h∈H

Sh(α)(γ)h Sh(β)(η)γ̄−1h = corK/F (α ⌣ β)(γ, η). (106)

The factor set (75) therefore gives (103). For the free orbit, the coordinate appearing in the
monomial is the right shift Rg Sh(αs). By (166) this differs from Sh(gαs) by the explicit
coboundary dqαs,g, and (167) displays the resulting normalized boundary after taking the
cup product and trace. Therefore (104) holds in cohomology; it is a literal cochain identity
whenever the chosen section is right-g-equivariant.

Now let J = ⟨g⟩, let R be right-coset representatives for H/J , and put K0 = KJ . For
c ∈ H and u ∈ R, use the notation

c−1u = πc(u)gϵc(u)

of lemma 6.2. Let ρ0 : GK0 ↠ J be the quotient map. The graph pullback of the explicit
half-orbit cocycle (73) is ∑

u∈R
br(γ)u br(η)γ̄−1ug

+
∑
u∈R

ϵγ̄(u)br(η)πγ̄(u)br(η)πγ̄(u)g. (107)

For completeness, choose the lifts compatibly so that ũg = ũ g̃ for u ∈ R, and put

ℓu(γ) = ũ−1γ π̃γ̄(u) ∈ GK0 .

Its image in J is gϵγ̄(u). In these conventions the normalized corestriction of a 2-cochain ν
on GK0 is

(corK0/F ν)(γ, η) =
∑
u∈R

ν
(
ℓu(γ), ℓπγ̄(u)(η)

)
. (108)

Let bJ = ShK/K0(αr). Compatibility of the transversals gives

bJ(ℓu(γ))1 = br(γ)u

and, for j ∈ {1, g},
bJ

(
ℓπγ̄(u)(η)

)
j

= br(η)πγ̄(u)j .
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Substituting the explicit two-point cocycle (98) into (108) gives exactly (107): its first
summand is the oriented factor-set term, and its second summand is the orientation-reversal
correction. Consequently

(br, ρ)∗κR
g = corK0/F

(
(ShK/K0 αr, ρ0)∗κJ

)
(109)

as normalized cochains. By lemma 6.13, the inner graph class is NGK0 ,Ev
GK

(αr), which is
denoted NEv

K/K0
(αr) in field notation. Equation (105) follows. With the compatible nested

transversals just chosen, (109) is literal equality of normalized cochains. For arbitrary
choices, (183) and (185) give the two explicit normalized 1-cochains whose boundaries
account for the change. Hence the formulas evaluate the actual orbit classes used in κ0

qW
,

including all mc-terms, without an unspecified convention-dependent ambiguity. □

Lemma 6.16 (Deep-unit Evens norm). Let L/k be an unramified quadratic extension of
finite dyadic local fields and put e = vk(2). Then

NEv
L/k(α) = 0 (α ∈ Ue+1(L) ⊂ L×/L×2). (110)

Proof. We translate the Evens norm into the degree-two Evens–Kahn identity, reduce the
trace forms to Hilbert symbols, and then cancel the remaining terms by norm and Steinberg
relations.

By lemma 6.13, the Evens norm is represented by the explicit two-point graph cocycle
(98). The index-two Evens–Kahn formula identifies this normalization with the degree-two
term in the relative Stiefel–Whitney identity [10, 11]

w(TrL/k⟨a⟩) = w(TrL/k⟨1⟩)
(
1 + corL/k[a] +NEv

L/k([a])
)
. (111)

Take a class in Ue+1(L) and choose from the outset a representative
a = 1 + 2b, b ∈ pL.

Write L = k(
√
d), where d is the unramified quadratic square class, and write

a = u+ v
√
d, n = NL/k(a) = u2 − dv2.

If
t = TrL/k(b), m = NL/k(b),

then
u = 1 + t ∈ O×

k , n = 1 + 2t+ 4m. (112)
In particular the divisions by u below are legitimate. The trace forms diagonalize as

TrL/k⟨a⟩ ≃
〈

2u, 2dn
u

〉
, TrL/k⟨1⟩ ≃ ⟨2, 2d⟩.

Taking degree two in (111) first gives
NEv

L/k([a]) = (2u, 2dn/u) + (2, 2d) + (d, n).

We now keep every Hilbert-symbol cancellation visible. Bilinearity and (x, x) = (x,−1) give
(2u, 2dn/u) = (2u, 2) + (2u, d) + (2u, n) + (2u, u),

(2u, 2) + (2u, u) = (2u, 2u) = (2u,−1),
(2, 2d) = (2,−1) + (2, d).

Consequently
NEv

L/k([a]) = (u,−1) + (u, d) + (2u, n) + (d, n)
= (u,−d) + (2du, n).

Thus
NEv

L/k([a]) = (u,−d) + (2du, n). (113)
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Because L/k is unramified and b ∈ pL, one has vk(m) ≥ 2. From (112),
n

2u− 1 = 1 + 4m
2u− 1 ∈ U2e+2(k). (114)

Here 2u−1 is a unit and vk(4m) ≥ 2e+2 > 2vk(2). Hensel’s lemma, applied to X2−n/(2u−1)
at X = 1, therefore gives U2e+2(k) ⊂ k×2. Thus n and 2u− 1 have the same square class.

Every unit of k is a norm from its unramified quadratic extension, and n = NL/k(a).
Hence

(u, d) = 0, (d, n) = 0.
Formula (113) becomes

(u,−1) + (2u, 2u− 1).
The Steinberg relation gives (2u, 2u− 1) = (2u,−1). Finally (2,−1) = 0: if i ∈ k, then −1
is a square; otherwise 2 = Nk(i)/k(1 + i). Consequently (2u,−1) = (u,−1), and the two
terms cancel. □

Lemma 6.17 (The deep half is totally singular). Assume V is ramified and put

X+ = HomHV
(V ∨, Ue+1) ⊂ H1(Q2, V ).

Then
dimX+ = 1

2 dimH1(Q2, V ), Q0
loc|X+ = 0.

Proof. We first count the contributing unit-filtration layers and then prove vanishing on the
deep half by checking square, free, and involution orbits.

By Hochschild–Serre and Kummer theory,
H1(Q2, V ) ∼= HomHV

(V ∨,MK),
and HomHV

(V ∨,−) is exact on the unit filtration. Hilbert duality pairs the depth-j and
depth-(2e − j) graded pieces, and self-duality of V gives equal V -isotypic multiplicities
in each pair. The only unpaired depth is j = e; by lemma 6.10 it has trivial inertia and
contains no ramified copy of V . Hence exactly one member of every contributing pair lies
above e, proving the dimension statement.

By lemma 6.14, compute the base connecting map after an HV -split embedding into a
regular module, and apply lemma 6.15 to the complete invariant monomial expansion of
q ◦ p. For a class in X+ every scalar coordinate αr lies in Ue+1(K). Free orbits vanish by
(94). Square orbits vanish because α2

r = αr ⌣ (−1) and −1 ∈ Ue. For an involution orbit,
tame inertia has odd order, so K/K0 in (105) is unramified quadratic. The depth parameter
is unchanged in an unramified subextension, and lemma 6.16 makes the Evens norm vanish
before corestriction. Every orbit contribution is therefore zero. □

6.4. Comparison of the Gauss signs.

Proposition 6.18 (Dyadic base determinant theorem). If d = dimV , then

#(Q0
loc)−1(0) =

{
2d−1 − 2d/2−1, V unramified,
2d−1 + 2d/2−1, V ramified.

(115)

Equivalently, the base local Gauss sum is negative in the unramified case and positive in the
ramified case. The candidate base form Q0

A has the same Gauss sum by proposition 6.9.

Proof. The ramified and unramified cases are treated separately: the first follows from the
half-dimensional totally singular subspace, while the second is determined by the invariant
Hermitian-line classification.

In the ramified case, local Euler–Poincaré and Tate duality give dimH1(Q2, V ) = d. By
lemma 6.17, the nonsingular base local quadratic space contains a totally singular subspace
of dimension d/2, so it is hyperbolic.
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In the unramified case, the faithful image is cyclic of odd order. Put FV = EndHV
(V ).

Self-duality equips FV
∼= F22m with the involution x 7→ x∗ = x2m and fixed field FV,0 ∼= F2m .

Inflation–restriction and the local Euler characteristic identify H1(Q2, V ) with a one-
dimensional FV -space. The norm-one group

U = {u ∈ F×
V : uu∗ = 1}

preserves the polar form of q. For u ∈ U , the function x 7→ q(ux) + q(x) is linear and
HV -invariant. Since (V ∨)HV = 0, it vanishes; hence every u ∈ U is an HV -equivariant
q-isometry. By (79), (u⋊ 1)∗[κ0

q ] = [κ0
q ]. Functoriality of graph pullback therefore gives

Q0
loc(u∗x) = Q0

loc(x) (u ∈ U).

Thus lemma 6.7 applies to the base local form, and it is

Q(x) = TrFV,0/F2(axx∗), a ∈ F×
V,0.

The norm map F×
V → F×

V,0 has fibres of size 2m + 1. Among the nonzero elements of FV,0,
exactly 2m−1 − 1 have trace 0. Hence

#Q−1(0) = 1 + (2m + 1)(2m−1 − 1) = 22m−1 − 2m−1,

which is the minus-type number in (115). □

Thus the candidate and local base determinant problems have the same Gauss sum. For
an arbitrary determinant pushout class, the edge term γκ and the inflated scalar term δκ

remain in the obstruction formula; their behavior under transgression and shear is described
in section 6.5.

Corollary 6.19 (Complete source interface). For every finite lower quotient, every lower
exact-image map, and every elementary characteristic-2 coefficient module, the two sources
have:

(i) the same obstruction-space dimension and the same number of lifts when the ob-
struction vanishes;

(ii) natural perfect pairings for all short exact coefficient sequences, with adjoint con-
necting homomorphisms;

(iii) the same scalar cup–Bockstein form for the trivial module;
(iv) for every nonzero invariant nonsingular quadratic form on a simple self-dual head,

the same base determinant Gauss sum for the class κ0
q.

Together with the marked maximal pro-2 identification in proposition 3.10, these are the
source-side inputs supplied to the target induction. This corollary is not by itself a determi-
nacy statement: equality of base Gauss sums is used only after Fourier expansion. For a
general pushout class

κ = κ0
q + Γγκ + inf δκ,

the terms γκ and δκ enter only through the scalar classes obtained by completing the square
in proposition 8.8. The corresponding signed sums are expressed as exact-image counts in
central double covers of the lower target.

Proof. Items (i)–(iii) are propositions 5.15 and 5.16 and corollary 5.17 and (25); item (iv)
is propositions 6.9 and 6.18. The later operations are restrictions, pushouts, exact-image
partitions, finite Fourier transforms, and central-cover constructions internal to the finite
target. The determinacy of those operations is isolated in theorem 8.17 and then executed
in section 9; the central-cover identity (146) supplies the remaining affine information. □
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6.5. Affine terms: transgression and shear.

Lemma 6.20 (No square-only invariant). Let V be a nontrivial simple F2[C]-module. Every
nonzero element of H0(C, Sym2 V ∨) has nonzero, hence nonsingular, polar form.

Proof. The zero-polar submodule is the Frobenius-square copy of V ∨, whose fixed subspace
is zero. The radical of a nonzero invariant polar form is a submodule of the simple module
V . □

Lemma 6.21 (Determinant transgression relative to the fixed equivariant class). Let q be
a nonsingular C-invariant quadratic form on V , and assume that a zero-section-normalized
equivariant class

κ0
q ∈ H2(V ⋊ C,F2)

restricting to q on V has been fixed. Let
1→ V → Gη → C → 1

have extension class η ∈ H2(C, V ). Relative to the fixed equivariant lift κ0
q, the obstruction

to extending the fibre class over Gη is

d2(q) = b♭
q∗η ∈ H2(C, V ∨). (116)

Consequently, if q is the restriction of an actual class in H2(Gη,F2), then η = 0 and
Gη
∼= V ⋊ C over C.

Proof. We choose sections for the extension, compare the induced automorphisms of the
fibre extension, and identify their discrepancy with the transgressed class b♭

q∗(η).
Let

1 −→ F2 −→ Eq −→ V −→ 1
be the central extension represented by κ0

q |V . Central automorphisms of Eq inducing the
identity on V are canonically V ∨. If v̂ is a lift of v ∈ V , inner conjugation by v̂ is the central
automorphism

w 7−→ bq(v, w) = b♭
q(v)(w). (117)

Choose the zero-section-normalized representative of κ0
q . Its preimage of C is split, so

conjugation by the chosen lifts of c ∈ C supplies coherent automorphisms
αc ∈ Aut(Eq), αcαd = αcd,

lifting the prescribed C-action on V .
Choose a normalized section s : C → Gη and write

s(c)s(d) = η(c, d)s(cd). (118)
In a putative central extension of Gη restricting to Eq, lifts of the section elements would
satisfy

ŝ(c)ŝ(d) = z(c, d)η̂(c, d)ŝ(cd)
for a scalar factor z(c, d) ∈ F2. Compare the induced automorphisms of Eq. The left side
induces αcαd = αcd, whereas the right side induces

Int(η̂(c, d))αcd.

By (117), their discrepancy is the V ∨-valued normalized 2-cocycle

(c, d) 7−→ b♭
q(η(c, d)). (119)

Changing the section s changes η by a coboundary and changes (119) by the corresponding
V ∨-coboundary. Changing the coherent lifts αc by central automorphisms γ(c) ∈ V ∨

changes the discrepancy by dγ. Hence the cohomology class of the obstruction is exactly
b♭

q∗[η]. This is the d0,2
2 differential after the intrinsic equivariance obstruction has been

trivialized by the fixed split class κ0
q , proving (116).
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If an actual class on Gη restricts to q, the obstruction vanishes. Since q is nonsingular,
b♭

q : V ∼−→ V ∨ is an isomorphism of C-modules. Therefore [η] = 0, so the extension splits
over C. □

For a split group V ⋊C, fix the base determinant class κ0
q of lemma 6.3. After replacing a

representative by a cohomologous normalized cocycle and changing the normalized section,
every central class with restriction q admits the following equality of normalized 2-cochains:

κ = κ0
q + Γγ + infV ⋊C

C δ, (120)

where γ ∈ Z1(C, V ∨), δ ∈ Z2(C,F2), and Γγ is given by (64).

Lemma 6.22 (Marking-preserving shear of the difference data). Let a ∈ Z1(C, V ) and
define

sa(v, c) = (v + a(c), c).
If κ = κ0

q + Γγ + inf δ, then, in cohomology,

s∗
aκ = κ0

q + Γγ+b♭
qa + inf

(
δ + Θ0

q(a) + γ ⌣ a
)
, (121)

where
Θ0

q(a) = (a, idC)∗κ0
q ∈ Z2(C,F2) (122)

and
(γ ⌣ a)(c, d) = γ(c)(ca(d)). (123)

In particular, if q ̸= 0, a unique cohomology class a kills the edge γ, and the scalar phase
then becomes δ + Θ0

q(a) + γ ⌣ a.

Proof. The cocycle identity for a is exactly the condition that sa be an automorphism
over C. Substitute v + a(c) and w + a(d) into the normalized representative (120). The
terms linear in v or w change the edge by the polar map b♭

qa. The term containing only
the base class and the graph a is Θ0

q(a). The old edge also contributes the scalar term
γ(c)(ca(d)), namely (123). All remaining changes are normalized coboundaries. Since b♭

q is
an isomorphism, the edge can be killed uniquely in cohomology.

The shear fixes the quotient C. A marked subgroup containing V is the full inverse image
of its image in C, so it is preserved. Scalar decorations kill the nontrivial simple module V ,
and are therefore preserved as well. □

7. A minimal non-scalar module layer in the wild kernel

Given a finite target whose marked 2-kernel has a nontrivial composition factor, this
section isolates the first such factor and the minimal normal subgroup that realizes it.
The resulting quotient tower separates the elementary lifting stage from the final Frattini
obstruction and shows that every nonzero scalar pushout induces a nonsingular quadratic
form on the simple head.

Let Y = (Y, LY , πY , θY ) be a boundary-framed target, so that LY = ker(πY ) is a finite
2-group and H = Y/LY . For a finite 2-group K, write

Φ(K) = K2[K,K]
for its Frattini subgroup. A chief factor is scalar when the tame quotient acts on it trivially.
Thus, formally, a chief factor of LY is called scalar when it is the trivial F2[H]-module.

Assume that LY has a non-scalar chief factor. Choose Y -normal subgroups
S ◁ P ≤ LY , P/S ∼= V,

where all chief factors below S are scalar and V is the first non-scalar simple factor. Choose
K ◁ Y , K ≤ P , minimal subject to KS = P , and set

R = Φ(K), M = K/R, T = (K ∩ S)/R,
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B = Y/R, C = Y/K, H = Y/LY , HV = im(C → GL(V )).
The quotient tower and the elementary module layer are

Y ↠ B = Y/R↠ C = Y/K ↠ H = Y/LY , 0 −→ T −→M −→ V −→ 0. (124)
Write LB = LY /R and LC = LY /K. The four quotient levels used below are

Level Role

H fixed tame quotient and boundary frame
C lower target for elementary M -lifting, connecting maps, and scalar

phase classes
B quotient on which the final R-valued obstruction and its scalar

pushouts are evaluated
HV faithful image used only for the pure quadratic-form calculation

on the simple head V

Lemma 7.1 (Simple head). There is an exact sequence of F2[C]-modules
0→ T →M → V → 0,

and
T = radF2[C]M, M/T ∼= V, (M∨)C = 0.

Proof. Since K/(K ∩ S) ∼= V is elementary abelian, R ≤ K ∩ S. The displayed sequence
follows. Since the quotient is simple, radM ≤ T . If a maximal submodule X < M failed to
contain T , then X + T = M , so X would map onto V . Writing KX for the inverse image of
X in K, the subgroup KX would be proper and Y -normal while still satisfying KXS = P ,
contradicting minimality. Thus every maximal submodule contains T . The assertion about
dual invariants follows because a nonzero map M → F2 would give a trivial simple quotient,
whereas the unique simple head is V . □

Lemma 7.2 (Frattini–centralizer collapse). The subgroup R is central elementary abelian
in K, and K4 = 1.

Proof. We first prove that K centralizes its Frattini subgroup, then show that the fourth-
power homomorphism vanishes, and finally identify R as central and elementary abelian.

Let H2 be the maximal 2-quotient of the finite tame group H, let N = ker(H → H2),
and choose an odd Hall lift Ñ in the preimage of N in Y . Along a chief series for S, the
action of Ñ on every factor is trivial; coprime action gives

[S, Ñ ] = 1.
Since R ≤ K ∩ S, Ñ centralizes R.

Put CR = CK(R). It is characteristic in K and hence normal in Y . The three-subgroup
lemma gives [K, Ñ ] ≤ CR. The group N acts nontrivially on V : otherwise the action would
factor through the 2-group H/N , whose only simple module in characteristic 2 is trivial.
Hence [V,N ] = V , so

[K, Ñ ]S = P.

Thus CRS = P , and minimality of K gives CR = K. Therefore R ≤ Z(K).
Since K/R is elementary abelian, squares lie in R and commutators have order at most

2. The fourth-power map
f : K → R, f(k) = k4,

is a Y -equivariant homomorphism. The subgroup Ñ fixes R, so f([k, n]) = 1 for k ∈ K,
n ∈ Ñ . The Y -normal closure of [K, Ñ ] still maps onto V modulo S, hence equals K by
minimality. Thus f = 1 and K4 = 1. Finally

R = Φ(K) = K2[K,K]
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is central of exponent 2. □

Lemma 7.3 (Decorations vanish on the block). Every homomorphism from Y to an
elementary abelian 2-group vanishes on K.

Proof. It kills R = K2[K,K] and therefore induces a C-module map M → E. By lemma 7.1,
HomC(M,F2) = 0, so this map is zero. □

7.1. The determinant pushout on the simple head. Put
XR = (R∨)B = (R∨)C .

For 0 ̸= λ ∈ XR, the pushout Kλ = K/ kerλ is a central extension
1→ F2 → Kλ →M → 1.

Let qλ : M → F2 be its square map and bλ its polar form.

Proposition 7.4 (Simple-head determinant). For every 0 ̸= λ ∈ XR,
qλ|T = 0, bλ(T,M) = 0.

Hence qλ descends to a nonzero nonsingular C-invariant quadratic form
qλ : V → F2.

Proof. We identify the polar radical, rule out a nonzero restriction to T , and then prove
that the descended form on V is nonzero and nonsingular.

The adjoint b♭
λ : M →M∨ is C-linear. Since T has only trivial composition factors while

soc(M∨) ∼= V ∨ is nontrivial simple, HomC(T,M∨) = 0. Thus bλ(T,M) = 0.
The restriction qλ|T is therefore a C-invariant linear functional. Suppose it is nonzero.

Quotienting T by its kernel yields a C-module extension
0→ F2t→M → V → 0,

with t in the polar radical and qλ(t) = 1. The kernel of C → HV acts on M by possible
shears

m 7−→ m+ f(m)t.
Quadratic invariance and qλ(t) = 1 force every such f to vanish, so the extension fac-
tors through HV . If V is ramified, its odd inertia subgroup has no fixed vectors and
H∗(HV , V

∨) = 0 by Hochschild–Serre. If V is unramified, HV is cyclic of odd order and
the same vanishing follows from Maschke’s theorem. Hence

H1(HV , V
∨) = 0,

so the extension splits. Projection to the scalar summand gives a nonzero C-map M → F2,
contradicting (M∨)C = 0. Therefore qλ|T = 0.

The descended form is nonzero. Otherwise Kλ would be elementary abelian, whereas
Φ(Kλ) = R/ kerλ ̸= 1.

Its polar radical is a submodule of the simple module V ; if the radical were all of V , the
form would be invariant linear, impossible. Thus it is nonsingular. □

8. Central covers, affine fibres, and Fourier inversion

Using the target tower of section 7 and the source comparison from sections 5 and 6, this
section converts the lifting count into scalar Fourier coefficients and exact-image counts for
smaller targets. The result is the closed recursion of theorem 8.17.

Retain the tower and module sequence (124).
The induction repeatedly separates maps according to the subgroup they generate. The

notation below retains only maps whose image is exactly the lower target.
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Definition 8.1 (Exact-image lower maps). For a boundary-framed lower target C, let
XΓ(C) denote the finite set of boundary-framed exact-image epimorphisms ρ : Γ↠ C at the
current lower stage. All sums over XΓ(C) are over exact-image lower maps; proper-image
contributions are subtracted separately by induction.

Lemma 8.2 (Common scalar character group). For both sources Γ ∈ {ΓA, GQ2} one has
|Homcont(Γ,F2)| = 8.

Moreover scalar twisting by any such character preserves the boundary-framed condition for
the central double covers used below.

Proof. For the candidate, every map to F2 kills τ because the tame relation forces the tame
inertia generator to have odd order in finite quotients; hence it factors through the maximal
pro-2 quotient Π. For the local source, the same assertion follows from the characteristic
wild subgroup and the common marked maximal pro-2 quotient. The quotient Π has three
mod-2 generators, represented by σ, x0, x1, and one Demushkin relator with no linear mod-2
part, so

H1(Π,F2) ∼= F3
2.

Thus the scalar character group has order 23 = 8 for both sources. The central covers
used in the induction have central kernel killed by the fixed boundary and decoration, so
multiplying a lift by a scalar character changes only the central coordinate and leaves the
boundary-framed data unchanged. □

Lemma 8.3 (Central-cover exact-image transform). Let Y = (Y,LY , πY , θY ) be boundary-
framed and let

p : Ỹ ↠ Y

be a central double cover. Give it the pulled-back structure
L̃ = p−1(LY ), π̃ = πY p, θ̃ = θY p,

and assume the central kernel lies in ker(π̃, θ̃). Fix an exact-image subgroup J ≤ Y projecting
onto H. If uβ

Γ(p, J) counts boundary-framed exact-image maps to J whose pullback cover is
split, then

8uβ
Γ(p, J) =

∑
J̃≤p−1(J)

p(J̃)=J

eβ
Γ(J̃ , J̃ ∩ L̃, π̃|

J̃
, θ̃|

J̃
). (125)

Every term on the right is therefore an ordinary exact-image object in the same global
boundary-framed category.

Proof. An unobstructed map f : Γ ↠ J has a lift, and the set of all lifts is a torsor
under Hom(Γ,F2). By lemma 8.2, this group has order 8 for both sources, and scalar
twisting preserves the boundary-framed condition. Twisting a lift changes only the new
central coordinate. Because that coordinate lies in the kernel of both the tame marking
and the decoration, every twist still satisfies the identical boundary equation. The exact
image of a lift is a subgroup J̃ ≤ p−1(J) mapping onto J , and every such exact-image
lift occurs in precisely one summand. This is a literal partition of the eight lifts, proving
(125); it also proves exact-image and decoration compatibility without an equidistribution
assumption. □

Lemma 8.4 (Fourier inversion). Let Λ be the character group of a finite F2-obstruction
space and let o : X → Λ∨. If

mλ = #{x ∈ X : ⟨λ, o(x)⟩ = 0},
then

#{x : o(x) = 0} = 1
|Λ|

∑
λ∈Λ

(2mλ − |X|). (126)
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Proof. Use 1o=0 = |Λ|−1 ∑
λ∈Λ(−1)⟨λ,o⟩. □

Lemma 8.5 (Constrained quadratic Gauss transform). Let W,E be finite F2-vector spaces,
let L : W ↠ E, and let Q : W → F2 be nonsingular with polar form bQ. For κ ∈ E and
ϵ ∈ F2, put

N(κ, ϵ) = #{x ∈W : Lx = κ, Q(x) = ϵ}.
For χ ∈ E∨, let aχ be uniquely determined by

bQ(aχ, x) = χ(Lx).
Then

N(κ, ϵ) = 1
2|E|

|W |+G(Q)
∑

χ∈E∨

(−1)χ(κ)+ϵ+Q(aχ)

 , (127)

where G(Q) =
∑

x∈W (−1)Q(x).

Proof. Expand both conditions with additive characters. Surjectivity of L kills the nontrivial
characters in the nonquadratic sum. In the quadratic sum, complete the square:

Q(x) + bQ(aχ, x) = Q(x+ aχ) +Q(aχ).
This gives (127). □

We now record the two pieces that replace an unrestricted count on all of H1(V ).
The preimage of T in a scalar double cover need not have a normal complement to the

new central involution. The cohomology class measuring that failure, and equivalently the
variation of the scalar obstruction under T -twists, is called the radical edge.

Lemma 8.6 (Radical edge, variation formula, and descent). Let 0→ T →M → V → 0 be
the simple-head sequence, and let

p : B̃ ↠ B

be a central double cover whose restriction to M has quadratic form with polar radical T
and whose restriction to T is zero. The cover determines a canonical edge class

[ε] ∈ H1(B/T, T∨).
Its restriction to V is zero, so it is inflated from a unique class

[ε̄] ∈ H1(C, T∨).
For every lower exact-image epimorphism ρ : Γ ↠ C and every unrestricted M-lift f ,
twisting by u ∈ Z1

Γ,ρ(T ) changes the scalar obstruction by

ob(fu) = ob(f) +
〈
[u], ρ∗[ε̄]

〉
Γ. (128)

If [ε̄] ̸= 0, the free Z1
Γ,ρ(T )-action partitions the unrestricted M -lifts into orbits in each of

which exactly one half satisfy the central relation. If [ε̄] = 0, the cover descends to a central
double cover of B/T ; conversely, descent forces the edge class to vanish.

Proof. We construct the edge cocycle, descend it from B/T to C, derive the exact variation
formula, and then analyze the nonzero and zero edge cases.

Let z generate ker p. Since both the square and commutator forms vanish on T , the
preimage T̃ = p−1(T ) is elementary abelian. Choose a linear complement s(T ) to ⟨z⟩ in T̃ .

For b̄ ∈ B/T , choose a lift b̂ ∈ B̃ and define ε(b̄) ∈ T∨ by

b̂ s(t) b̂−1 = s(b̄t) zε(b̄)(b̄t). (129)

The definition is independent of the chosen lift b̂. Applying (129) successively to two
elements shows

ε(b̄1b̄2) = ε(b̄1) + b̄1ε(b̄2),
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so ε is a 1-cocycle. Replacing s(t) by s(t)zℓ(t) changes it by the coboundary dℓ; hence its
class is canonical.

If b̄ ∈ V = M/T , the exponent in (129) is the commutator pairing between a lift of b̄
and t. This is the polar form of the restricted quadratic form, and it is zero because T is
the polar radical. Hence resV [ε] = 0. The group V = M/T acts trivially on T , since M
is elementary abelian. Inflation–restriction for 1→ V → B/T → C → 1 therefore gives a
unique [ε̄] ∈ H1(C, T∨) inflating to [ε]. Choose a normalized cocycle representative ε̄ of
this class. The difference between ε and its inflation is a coboundary dℓ for some ℓ ∈ T∨;
changing the complement s(T ) by ℓ therefore lets us assume from now on that ε = inf(ε̄) as
cocycles.

Fix a lower exact-image epimorphism ρ : Γ↠ C, an M -lift f : Γ→ B, and lifts f̂(g) ∈ B̃.
For u ∈ Z1

Γ,ρ(T ) put

fu(g) = u(g)f(g), f̂u(g) = s(u(g))f̂(g).
Let ωf and ωfu be the scalar central defects. Using (129), the cocycle identity u(gh) =
u(g) + ρ(g)u(h), and the fact that s(T ) is elementary abelian gives the exact identity

ωfu(g, h) = ωf (g, h) + ε̄(ρ(g))
(
ρ(g)u(h)

)
. (130)

For the local source, applying the invariant map identifies the second term with the ordinary
cup pairing. For the candidate source, its evaluation on the two relation defects is the adjoint
pairing supplied by the direct finite-word Fox–Heisenberg chain map of proposition 5.10.
Thus (130) yields (128) in either source theory.

If [ε̄] ̸= 0, then ρ∗[ε̄] ̸= 0. Indeed, a pulled-back coboundary gives the same coboundary
formula on every element of C because ρ is surjective. Perfect degree-one duality therefore
makes

[u] 7−→
〈
[u], ρ∗[ε̄]

〉
Γ

a nonzero linear functional on H1
Γ,ρ(T ), and hence on Z1

Γ,ρ(T ). This group acts freely on
each fibre of the map from M -lifts to their quotient modulo T . Equation (128) is one affine
equation with nonzero linear part on every such orbit, so exactly half of its elements satisfy
the scalar central relation.

Finally, if [ε̄] = 0, then [ε] = 0. Alter the complement s(T ) so that the cocycle in (129) is
identically zero. Then s(T ) ◁ B̃, and

B̃/s(T )↠ B/T

is a central double cover. Conversely, a descended cover supplies a normal complement to
the preimage of T , so the edge class vanishes. □

Assume henceforth that the edge vanishes. By lemma 6.21, the quotient B/T is identified
with V ⋊ C. For the scalar pushout class under consideration, choose the base determinant
class κ0

q attached to the descended nonsingular form on V . After a normalized change of
section, write the descended class by the following equality of normalized 2-cocycles:

κ = κ0
q + Γγκ + infV ⋊C

C δκ, γκ ∈ Z1(C, V ∨), δκ ∈ Z2(C,F2). (131)
The original group B remains a possibly nonsplit extension of V ⋊ C by T .

Lemma 8.7 (Affine T -lifting equation). Choose the splitting B/T ∼= V ⋊ C above and let
e ∈ H2(C, T )

be the class obtained by pulling B → V ⋊ C back along the zero section C → V ⋊ C. For a
lower exact-image map ρ : Γ↠ C, a class

c ∈ H1
Γ,ρ(V )

is the V -coordinate of an actual M -lift if and only if
∂Γ,ρ(c) = ρ∗e in H2

Γ,ρ(T ). (132)
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For every such class, the number of raw lifts above it is
µ = |B1

Γ,ρ(V )| |Z1
Γ,ρ(T )|, (133)

which is independent of ρ and has the same value on the two sources.

Proof. Represent the T -extension of V ⋊ C by a normalized cocycle. Its pure V × V
component is zero because M is elementary abelian; its mixed component is the module
extension 0 → T → M → V → 0; and its restriction to the zero section is e. Pulling
this cocycle back along the graph of a V -cocycle gives exactly ∂c+ ρ∗e, proving (132) in
characteristic two.

Each cohomology class has |B1(V )| cocycle representatives, and each solvable T -defect
equation has |Z1(T )| solutions. For the nontrivial simple V , |B1(V )| = 2dim V ; proposi-
tions 5.15 and 5.16 gives the common value of |Z1(T )|. □

Put
XT = (T∨)C ∼= H2

Γ,ρ(T )∨.

For χ ∈ XT , let
γχ = ∂∨

C(χ) ∈ H1(C, V ∨), aχ,κ = (b♭
q)−1(γχ + γκ) ∈ H1(C, V ).

Let
Θ0

q(aχ,κ) = (aχ,κ, idC)∗κ0
q ∈ H2(C,F2) (134)

be the base graph class, and define the single total target-side phase
∆χ,κ = χ∗e+ δκ + Θ0

q(aχ,κ) ∈ H2(C,F2). (135)

Proposition 8.8 (Completed-square phase identity). For either source, every lower exact-
image map ρ, every b ∈ H1

Γ,ρ(V ), and every χ ∈ XT ,

Qκ,Γ,ρ(b) + ⟨∂Γ,ρb+ ρ∗e, χ⟩ = Q0
Γ,ρ(b+ ρ∗aχ,κ) + ιΓ(ρ∗∆χ,κ). (136)

Here Q0 is the base determinant form and Qκ is the obstruction for the actual scalar pushout
class (131).

Proof. By corollary 5.17,
⟨∂Γ,ρb, χ⟩ = ⟨b, ρ∗γχ⟩Γ.

Using (65), the left side of (136) is
Q0

Γ,ρ(b) + ⟨b, ρ∗(γκ + γχ)⟩Γ + ιΓ(ρ∗δκ) + ιΓ(ρ∗(χ∗e)).
By the definition of aχ,κ, the middle linear term is the polar pairing bq(b, ρ∗aχ,κ). Completing
the square for the base quadratic form gives

Q0(b) + bq(b, ρ∗aχ,κ) = Q0(b+ ρ∗aχ,κ) + ιΓ
(
ρ∗Θ0

q(aχ,κ)
)
.

Adding the two inflated scalar terms proves (136). The class ∆χ,κ is defined on the finite
target C; no comparison map between the two source H1-spaces is involved. □

8.1. The exact-image recursion. Fix a boundary-framed target Y = (Y,LY , πY , θY )
whose marked kernel has a non-scalar simple head, and retain the notation (124). Abbreviate
eΓ(Y ) = eβ

Γ(Y), with the same convention for inherited exact-image subgroups and central
covers. The successive finite operations are

C ⇝ M -lifts ⇝ proper-image subtraction
⇝ scalar tests of the R-obstruction ⇝ phase covers ⇝ Y.

The elementary stage counts all M -lifts over C and removes their proper images. The
remaining R-valued obstruction is separated by invariant scalar pushouts; in the zero-edge
case, completing the resulting quadratic sums replaces their scalar phases by central covers
before the final Fourier inversion.
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Lemma 8.9 (Elementary lifting and exact-image subtraction). For every ρ ∈ XΓ(C),

H2
Γ,ρ(M) = 0, |Z1

Γ,ρ(M)| = 22 dim M .

Consequently
eΓ(B) = 22 dim MeΓ(C)−

∑
J<B
J↠C

eΓ(J), (137)

where each J has the boundary-framed structure induced from B. For every proper J < B
occurring in this sum,

|J ∩ LB| = |J ∩M | |LC | ≤
|M |

2 |LC | =
|LB|

2 < |LY |. (138)

Proof. The unique simple head of M is nontrivial, so (M∨)C = 0 by lemma 7.1. Candidate
deformation duality and local Tate duality therefore give the displayed vanishing and lift
multiplicity. Every relation-compatible M -lift has an exact image J ≤ B mapping onto C;
partitioning by that exact image gives (137). If J < B, then J ∩M is a proper subgroup of
the elementary abelian group M , and the exact sequence

1 −→ J ∩M −→ J ∩ LB −→ LC −→ 1

gives (138). □

Lemma 8.10 (Scalar pushouts separate the complete obstruction). Put

XR = (R∨)B = (R∨)C .

For either source, XR is canonically the dual of the R-valued obstruction space. If o is an
R-valued lifting obstruction, then

o = 0 ⇐⇒ λ∗o = 0 for every λ ∈ XR.

For 0 ̸= λ ∈ XR, the corresponding scalar pushout is the central double cover

pλ : Bλ = Y/ kerλ↠ B.

Proof. By lemma 7.2, R is elementary abelian and K centralizes R, so the Y -action on R
factors through C. The two duality theorems give

H2
A,ρ(R)∨ ∼= (R∨)C , H2

F,ρ(R)∨ ∼= (R∨)C .

For λ ∈ (R∨)C , the subgroup kerλ is normal in Y and C acts trivially on R/ kerλ. Thus
Y/ kerλ → Y/R is a central double cover, and its obstruction is the pairing with λ.
Perfectness proves the equivalence. □

Proposition 8.11 (Fourier inversion for the final Frattini obstruction). Assume R ̸= 1 and
put

zR = |Z1
Γ,ρ(R)| = 22 dim R+dim XR .

For λ ∈ XR, let mΓ,λ(B) be the number of exact-image maps to B for which the scalar
pushout λ∗oR vanishes. Then mΓ,0(B) = eΓ(B) and

eΓ(Y ) = zR

|XR|
∑

λ∈XR

(
2mΓ,λ(B)− eΓ(B)

)
. (139)

Proof. For a fixed exact-image map to B, the set of R-lifts, when nonempty, is a torsor of size
zR. Every such lift is surjective onto Y : if its image J maps onto Y/R, then (J ∩K)R = K,
and R = Φ(K) forces J ∩K = K, hence J = Y . Fourier inversion (126) on the full R-valued
obstruction, followed by the common lift multiplicity zR, gives (139). □
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Lemma 8.12 (Proper-image subtraction for a scalar pushout). Fix 0 ̸= λ ∈ XR. Let
ZΓ,λ(B/C) count all compatible lifts of exact-image maps to C, without imposing generation
in B. Then

mΓ,λ(B) = ZΓ,λ(B/C)−
∑
J<B
J↠C

mΓ,λ(J). (140)

For every proper J in the sum,

8mΓ,λ(J) =
∑

J̃≤p−1
λ

(J)
pλ(J̃)=J

eΓ(J̃). (141)

Proof. Partition the relation-compatible maps to B by their exact image. This gives (140).
For a fixed proper image J , an unobstructed map has exactly eight scalar lifts; partitioning
those lifts by their exact images in p−1

λ (J) is lemma 8.3 and gives (141). □

Proposition 8.13 (The nonzero radical-edge case). If the radical edge of pλ is nonzero,
then

ZΓ,λ(B/C) = 22 dim M−1eΓ(C). (142)

Proof. By lemma 8.6, the scalar obstruction varies by a nonzero affine functional on each free
Z1

Γ,ρ(T )-orbit of unrestricted M -lifts. Exactly half of the 22 dim M lifts over each ρ ∈ XΓ(C)
satisfy the central relation, which is (142). □

Proposition 8.14 (The zero radical-edge case). Assume that the radical edge vanishes.
Write the descended scalar pushout class as

κ = κ0
q + Γγκ + inf δκ on V ⋊ C,

and put
XT = (T∨)C , r = dimXT , d = dimV, µ = |B1

Γ,ρ(V )| |Z1
Γ,ρ(T )|.

For each lower map ρ,
#{c : ∂Γ,ρc = ρ∗e, Qκ,Γ,ρ(c) = 0}

= 1
2r+1

2d +G(Q0)
∑

χ∈XT

(−1)ιΓ(ρ∗∆χ,κ)

 . (143)

Consequently

ZΓ,λ(B/C) = µ

2r+1

2deΓ(C) +G(Q0)
∑

χ∈XT

sΓ(∆χ,κ)

 , (144)

where
sΓ(ζ) =

∑
ρ∈XΓ(C)

(−1)ιΓ(ρ∗ζ).

Proof. The vanishing edge and lemma 6.21 identify B/T with V ⋊ C. By lemma 8.7, the
admissible V -coordinates satisfy ∂c = ρ∗e and each occurs with multiplicity µ. The map
∂Γ,ρ is surjective because H2

Γ,ρ(M) = 0. Apply the constrained Gauss formula (127) and
the completed-square identity (136); the common Gauss sum is supplied by propositions 6.9
and 6.18. This gives (143). Multiplication by µ and summation over XΓ(C) give (144). □

A scalar class ζ ∈ H2(C,F2) is represented by a central double cover of C. We call it
the phase cover because its splitting indicator realizes the sign (−1)ιΓ(ρ∗ζ) appearing in the
Fourier sum.
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Lemma 8.15 (Phase-cover transform). For ζ ∈ H2(C,F2), let pζ : Cζ ↠ C be the
corresponding central double cover and let nΓ,0(ζ) count the lower exact-image maps for
which it is unobstructed. Then

sΓ(ζ) = 2nΓ,0(ζ)− eΓ(C) (145)
and

8nΓ,0(ζ) =
∑

J̃≤Cζ

pζ(J̃)=C

eΓ(J̃). (146)

Proof. The first identity is the decomposition of the signed sum according to the two values
of the scalar obstruction. The second is the exact eight-lift partition of lemma 8.3, applied
to pζ . □

Lemma 8.16 (Strict decrease of recursive targets). Every target occurring on the right
sides of (137), (140), (141), and (146) has marked 2-kernel strictly smaller than |LY |. More
precisely,

|LC | =
|LY |
|K|

< |LY |,

2|J ∩ LB| ≤ |LB| < |LY | (147)
for a proper scalar-cover stratum, and

|LCζ
| = 2|LC | =

2|LY |
|K|

< |LY |. (148)

The proper-image bound in the elementary stage is (138).
Proof. The first two inequalities follow from R < K and from the fact that a proper subgroup
of the elementary abelian group M = K/R has index at least two. A scalar double cover of
a proper J < B has marked kernel 2|J ∩LB|, giving (147). Since the non-scalar simple head
has dimension at least two, |K| ≥ 4; hence a phase cover has marked kernel as in (148). □
Theorem 8.17 (Closed exact-image recursion). Suppose LY has a non-scalar simple head.
The exact-image count eΓ(Y ) is obtained from (137) and, when R ̸= 1, from (139)–(146).
Every exact-image count on the right-hand sides belongs to a boundary-framed target with
strictly smaller marked 2-kernel. Hence the count is determined by the source interface of
corollary 6.19 and the exact-image counts for smaller targets.
Proof. The elementary stage is lemma 8.9. If R = 1, then B = Y . Otherwise lemma 8.10
and proposition 8.11 reduce the final R-obstruction to its scalar pushouts. Proper images
are removed by lemma 8.12. The unrestricted scalar count is given by proposition 8.13
when the radical edge is nonzero and by proposition 8.14 when it vanishes. The signed
scalar phases in the latter formula are exact-image counts by lemma 8.15. Strict decrease is
lemma 8.16. □

9. Proof of the boundary-framed theorem

The terminal fibre-product description and the closed recursion of theorem 8.17 cover
all finite boundary-framed targets. We prove theorem 4.2 by strong induction on |LY |,
simultaneously for all such targets; every recursive target carries the same map to H × E.
Lemma 9.1 (Coprime-kernel subdirect products). Let A ↠ C and B ↠ C be finite
epimorphisms whose kernels have coprime orders. If a subgroup J ≤ A×C B projects onto
both A and B, then J = A×C B.
Proof. The kernel of J → A is a subgroup of ker(B → C), and the kernel of J → B is a
subgroup of ker(A→ C). Comparing the two order formulas for J shows that both kernels
have their full possible orders, because the two ambient kernel orders are coprime. Thus J
contains both kernels and is the full fibre product. □
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9.1. The terminal case: only trivial module factors.

Lemma 9.2 (Targets with only trivial module factors). Suppose every chief factor of LY

is a trivial H-module. Let H2 be the maximal 2-quotient of H and let N = ker(H → H2).
Then N has odd order, has a unique normal lift Ñ ◁ Y centralizing LY , and

Y ∼= H ×H2 Q, Q = Y/Ñ a finite 2-group. (149)

Projection to Q identifies exact-image subgroups of Y projecting onto H with subgroups
Q′ ≤ Q that map onto H2.

Proof. We construct and characterize the odd-order complement, identify Y as a fibre
product, and then classify the exact-image subgroups.

The kernel N has odd order by lemma 3.1. Let P be its inverse image in Y . Schur–
Zassenhaus gives a complement Ñ ≤ P . Along a Y -chief series

1 = L0 ◁ L1 ◁ · · · ◁ Lm = LY ,

triviality of every factor gives [Li, Ñ ] ≤ Li−1. Hence [LY ,mÑ ] = 1. Coprime action gives

[LY , Ñ ] = [LY , Ñ , Ñ ] = · · · = [LY ,mÑ ] = 1.

Thus P = LY ×Ñ . Schur–Zassenhaus conjugacy says that all complements are LY -conjugate;
since LY centralizes Ñ , the complement is unique and therefore normal in Y .

The quotient Q = Y/Ñ is a 2-group. The two quotient maps define

Y −→ H ×H2 Q.

Its kernel lies in both LY and Ñ , hence is trivial, and the two groups have the same order.
This proves (149).

If J ≤ Y projects onto H and Q′ = prQ(J), then Q′ ↠ H2. Inside H ×H2 Q
′, the

subgroup J projects onto both factors. The two kernels have odd and 2-power orders, so
lemma 9.1 gives J = H ×H2 Q

′. Conversely, for every subgroup Q′ ≤ Q mapping onto H2,
the fibre product H ×H2 Q

′ is a subgroup of Y projecting onto H. □

Let q : Q↠ H2 be the quotient map. The tame frame α : Ttame ↠ H induces, through
the full unramified marking of proposition 3.14, a map

α2 : Π↠ H2.

Every boundary decoration kills the odd group Ñ and factors through a map θ̄ : Q→ E.
For either source, the universal property of the pullback gives a bijection between maps

f : Γ→ Y with fixed tame frame and maps g : Π→ Q satisfying

qg = α2, θ̄g = ψ̄. (150)

This uses the full Z2 marking: if H2 = C2m , the first equation fixes the reduction of the
unramified character modulo 2m, not merely its parity.

The kernels of H → H2 and Q→ H2 have coprime orders. Hence a subgroup of H ×H2 Q
that projects onto both factors is the whole pullback. It follows that f is surjective exactly
when g is surjective. More generally, projection to Q identifies every exact-image subgroup of
Y projecting onto H with a subgroup of Q satisfying (150). Thus the terminal exact-image
problems are genuinely identical for the two sources, by the fully marked isomorphism of
their maximal pro-2 quotients.
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9.2. The inductive step. Assume that LY has a non-scalar simple head. The target
tower and module sequence are those of (124). By lemmas 8.9 and 8.16, the elementary
lifting stage expresses eΓ(B) in terms of eΓ(C) and exact-image counts with smaller marked
kernels. If R = 1, then B = Y and the induction closes at this stage.

Suppose R ̸= 1. The closed recursion of theorem 8.17 expresses eΓ(Y ) through the
common lift multiplicities and Gauss signs of corollary 6.19, together with exact-image
counts for the smaller targets listed in lemma 8.16. The induction hypothesis makes every
such count equal for ΓA and GQ2 . Thus

eβ
ΓA

(Y ) = eβ
GQ2

(Y ),

which completes the inductive step and proves theorem 4.2.

10. Passage to all finite quotients

The fixed-frame equality is now summed over the possible tame quotient maps of an
arbitrary finite group. This gives equality of all finite epimorphism counts, to which the
reconstruction lemma applies.

Lemma 10.1 (Exhaustion by tame boundary frames). Let G be finite and put L = O2(G).
For either source Γ, every epimorphism f : Γ ↠ G determines a unique tame boundary
frame

Ttame ↠ G/L.

Conversely, with decoration E = 0, a boundary-framed epimorphism to G with a fixed tame
frame is exactly an ordinary epimorphism to G inducing that frame. Distinct tame frames
give disjoint sets of epimorphisms.

Proof. The characteristic marked wild subgroup maps into O2(G) = L, so every epimorphism
has a well-defined quotient map to G/L. By proposition 3.2, this quotient map is a tame
frame. Conversely, when E = 0 there is no extra decoration, and the boundary-framed
condition records only the induced tame quotient map and the marked 2-kernel. Thus a
boundary-framed epimorphism with target G is precisely an ordinary epimorphism inducing
the chosen frame. The induced quotient map Ttame → G/L is unique, so the fixed-frame
sets are disjoint as the frame varies. □

Let G be finite and put L = O2(G). By lemma 10.1, the ordinary surjection set is
the disjoint union of the fixed-frame surjection sets over all tame frames Ttame ↠ G/L.
Applying theorem 4.2 to each frame with E = 0, summing over the finite set of frames, and
using proposition 2.3, gives

|Sur(ΓA, G)| = | Sur(GQ2 , G)| (151)

for every finite group G.
The candidate is topologically generated by four elements. The one-sided reconstruction

lemma lemma 2.5 applied to (151) gives ΓA
∼= GQ2 , proving theorem 1.2.

11. Completion and independence from the computational verification

All mathematical inputs to the presentation theorem have now been proved. This
section records where the full unramified marking enters and verifies that the separate finite
computation mentioned in remark 1.3 is not used in the argument.

The marked local normalization is proved in Sections 3.1–3.3; no separate local inser-
tion remains. Its proof uses Labute’s abstract classification, local reciprocity, the intrinsic
Demushkin orientation, and the peripheral cyclotomic lifting of lemmas 3.7 and 3.8 and propo-
sition 3.9. Consequently the maximal pro-2 quotient of the candidate and GQ2(2) agree as
marked pairs over the full quotient Z2.
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The finite-word duality, local determinant calculation, constrained Fourier–Gauss trans-
form, strict exact-image induction, and profinite reconstruction are independent of the
separate computational verification of the final word. The full integral marking is used only
in the construction of the common boundary (26) and in the terminal pro-2 comparison, and
those inputs are now supplied by proposition 1.1 and corollary 3.12. Thus the mathematical
proof of theorem 1.2 does not depend on the unreproduced computation mentioned in
remark 1.3.

Appendix A. Normalized cochains, Shapiro maps, corestriction, and the
Evens norm

The formulas in lemmas 6.13 and 6.15 depend on choices of left action, coset representa-
tives, and normalized sections. This appendix fixes those conventions at cochain level and
gives the explicit normalized boundaries produced by every change of section or transversal.

The general bar and transfer constructions are standard; compare [5, Chapter III and
Chapter VII] and [9].

A.1. Normalized inhomogeneous cochains. All coefficient modules are left modules. If
G is profinite and M is a finite discrete continuous left G-module, then Cn(G,M) denotes
the group of continuous normalized inhomogeneous n-cochains. Thus a cochain of positive
degree vanishes whenever one of its arguments is 1, and C0(G,M) = M . In additive
notation the differential is

(df)(g1, . . . , gn+1) = g1f(g2, . . . , gn+1) +
n∑

i=1
(−1)if(g1, . . . , gigi+1, . . . , gn+1)

+ (−1)n+1f(g1, . . . , gn), (152)
and, in degree zero,

(dm)(g) = gm−m. (153)
All coefficient groups in the normalization-sensitive calculations of lemmas 6.13 and 6.15
are F2-vector spaces, so the minus signs in (152) disappear there.

Let µ : A×B → C be a G-equivariant bilinear pairing of left G-modules. Our cup-product
convention is

(f ⌣ g)(g1, . . . , gp+q) = µ(f(g1, . . . , gp), (g1 · · · gp)g(gp+1, . . . , gp+q)) . (154)
In particular, for trivial scalar coefficients, (α ⌣ β)(n1, n2) = α(n1)β(n2).

We use the following three levels of assertion.
(i) “Equal as normalized cochains” means equality in Cn(G,M).
(ii) “Equal up to the displayed normalized coboundary” means f−g = dh for the particular

normalized cochain h that is written down.
(iii) “Equal in cohomology” means only [f ] = [g] in Hn(G,M).
No cochain-level assertion in the main text is intended to pass silently from one of these
levels to another.

A.2. Conjugation and semidirect products. The group-theoretic exponent convention
remains

xg = g−1xg.

It is distinct from the notation gm for the given left action of G on a module M . We write
the semidirect product as M ⋊G, with elements (m, g) and multiplication

(m, g)(n, h) = (m+ gn, gh), (m, g)−1 = (−g−1m, g−1). (155)
Consequently

(0, g)(m, 1)(0, g)−1 = (gm, 1), (m, 1)(0,g) = (g−1m, 1).



A PROFINITE PRESENTATION FOR GQ2 53

Thus the manuscript’s right-conjugation notation acts on the normal module by g−1, whereas
the semidirect-product law uses the specified left action by g.

Let ρ : Γ→ G and b : Γ→M . The graph map

Φb,ρ : Γ −→M ⋊G, γ 7−→ (b(γ), ρ(γ)) (156)

is a homomorphism if and only if

b(γη) = b(γ) + ρ(γ)b(η). (157)

This is the graph-pullback convention used in (62), (98), and (109).

A.3. The left-regular coordinate convention. For a finite group H we identify F2[H]
with the functions x = (xh)h∈H and use the left-regular action

(cx)h = xc−1h. (158)

Hence
(γ̄x)h = xγ̄−1h.

This is the source of the index γ̄−1h in the Shapiro cocycle and in the cup/corestriction
formula. Right multiplication of the coordinate index is a different operator:

(Rgx)h = xhg. (159)

The operators Rg commute with the left-regular H-action. The monomial xuxug is therefore
naturally indexed by cosets written u⟨g⟩, which explains the right multiplication by g and
the coset convention in lemma 6.2.

A.4. The normalized Shapiro cochain map. Let

1 −→ N −→ G
π−→ H −→ 1

be exact with H finite. Choose a normalized section h 7→ h̃, with 1̃ = 1, and write γ̄ = π(γ).
Define the transition element

λh(γ) = h̃−1γ˜̄γ−1h ∈ N. (160)

It is normalized and satisfies

λh(γη) = λh(γ)λγ̄−1h(η). (161)

For a normalized scalar cochain f ∈ Cn(N,F2) put(
Shn

H̃
f

)
(γ1, . . . , γn)h = f

(
λh0(γ1), . . . , λhn−1(γn)

)
, hi = γ1 · · · γi

−1h. (162)

Equation (161) gives dSh
H̃

= Sh
H̃
d directly. Thus (162) fixes a full normalized cochain

map, although the main text uses it only in degree one, together with the degree-two
corestriction formula below.

For α ∈ Z1(N,F2) this specializes to

Sh
H̃

(α)(γ)h = α
(
h̃−1γ˜̄γ−1h

)
. (163)

Indeed, by (161),

Sh(α)(γη)h = Sh(α)(γ)h + Sh(α)(η)γ̄−1h

= Sh(α)(γ)h + (γ̄ Sh(α)(η))h,

which is exactly the left-module cocycle identity. Formula (97) is (163) for H = C2.
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A.5. The convention for gα. Let g ∈ H, choose its section lift g̃, and let α ∈ Z1(N,F2).
We define

(gα)(n) = α(g̃−1ng̃) (n ∈ N). (164)
Because α has trivial scalar coefficients, this does not depend on replacing g̃ by another
lift. It is the usual left H-action on H1(N,F2) expressed in the manuscript’s conjugation
convention.

For h ∈ H put
a

(g)
h = h̃g

−1
h̃g̃ ∈ N, qα,g(h) = α(a(g)

h ). (165)
If k = γ̄−1h, then

λhg(γ) = a
(g)
h g̃−1λh(γ)g̃ (a(g)

k )−1.

Applying α gives the exact normalized-cochain identity
Sh(gα) = Rg Sh(α) + dqα,g, (166)

where (dqα,g)(γ)h = qα,g(h) + qα,g(γ̄−1h). If the section is right-g-equivariant, namely
h̃g = h̃g̃ for all relevant h, then qα,g = 0 and (166) is strict:

Sh(gα)(γ)h = Sh(α)(γ)hg.

No such equivariance is assumed silently when it is unavailable.
For later use, let A = Sh(α) and B = Sh(β). With the H-invariant trace pairing

⟨x, y⟩ =
∑

h xhyh, the free-orbit cochain formed with the right-shifted coordinate RgB differs
from the cochain formed with Sh(gβ) by the displayed boundary

tr
(
A ⌣ RgB

)
− tr

(
A ⌣ Sh(gβ)

)
= dbα,β,g, (167)

where
bα,β,g(γ) =

∑
h∈H

A(γ)h qβ,g(γ̄−1h). (168)

This follows from (154), (166), and the Leibniz rule. It is the precise cochain correction
behind (104).

A.6. Corestriction in degrees one and two. Let K ≤ G have finite index and let
Ω = G/K, with cosets written tωK. Choose a normalized transversal {tω}ω∈Ω and define

ℓω(γ) = t−1
ω γtγ−1ω ∈ K. (169)

Then
ℓω(γη) = ℓω(γ)ℓγ−1ω(η). (170)

For scalar normalized cochains, the bar-corestriction map is

(corn
T f)(γ1, . . . , γn) =

∑
ω∈Ω

f
(
ℓω0(γ1), . . . , ℓωn−1(γn)

)
, ωi = (γ1 · · · γi)−1ω. (171)

In degrees one and two this reads

(corT α)(γ) =
∑
ω∈Ω

α(ℓω(γ)), (172)

(corT ν)(γ, η) =
∑
ω∈Ω

ν
(
ℓω(γ), ℓγ−1ω(η)

)
. (173)

Equation (170) gives
d corT = corT d. (174)

Equivalently, when K = N ◁ G and H = G/N , corestriction is the coordinate-sum map
after the Shapiro map.

In particular, for α, β ∈ Z1(N,F2),

corG
N (α ⌣ β)(γ, η) =

∑
h∈H

Sh(α)(γ)h Sh(β)(η)γ̄−1h. (175)
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This is the exact normalized-cochain identity used in (106).
For (108), take G = GF , K = GK0 , Ω = H/J , and representatives written uJ . The

relation γ̄−1u = πγ̄(u)gϵγ̄(u) means that γ−1(uJ) = πγ̄(u)J , so (173) becomes exactly (108).

A.7. Changing sections and transversals. We first record the degree-one Shapiro
correction. Let h̃′ = h̃ah with ah ∈ N and a1 = 1. Then

λ′
h(γ) = a−1

h λh(γ)aγ̄−1h.

For α ∈ Z1(N,F2) define the normalized 0-cochain qα ∈ F2[H] by qα(h) = α(ah). Then

Sh
H̃′(α)− Sh

H̃
(α) = dqα in C1(G,F2[H]). (176)

Thus the change of Shapiro lift is not left as an unspecified cohomology ambiguity.
For all degrees there is an explicit prism homotopy. Let K ≤ G be as in section A.6, and

let t′ω = tωaω, aω ∈ K, be a second normalized transversal indexed by the same coset set Ω.
For a normalized n-cochain f on K, write

fh(y0, . . . , yn) = f(y−1
0 y1, . . . , y

−1
n−1yn)

whenever all consecutive ratios lie in K. Given γ1, . . . , γn−1 ∈ G, put

pi = γ1 · · · γi, ωi = p−1
i ω, yi = pitωi , y′

i = pit
′
ωi

= yiaωi .

Define (
cn
T ,T ′f

)
(γ1, . . . , γn−1) =

∑
ω∈Ω

n−1∑
i=0

fh(y0, . . . , yi, y
′
i, . . . , y

′
n−1). (177)

Over general coefficients the inner sum has the usual signs (−1)i; over F2 they are all +1.
The simplicial prism identity gives

corT ′ f − corT f = dcT ,T ′f + cT ,T ′(df). (178)

This is the promised cochain-level change-of-transversal formula.
For a normalized 2-cochain ν, the degree-one transition cochain in (177) is especially

concrete. Write ℓω, ℓ′ω for the transition elements associated to the two transversals. Then(
cT ,T ′ν

)
(γ) =

∑
ω∈Ω

(
ν(aω, ℓ

′
ω(γ))

+ ν(ℓω(γ), aγ−1ω)
)
.

(179)

It is normalized. If dν = 0, then

corT ′ ν − corT ν = d
(
cT ,T ′ν

)
. (180)

The same prism without the outer sum over Ω gives the corresponding homotopy between
the two Shapiro cochain maps; in degree one it is precisely (176).

We now specialize these formulas to the two cocycles used in the manuscript. Let J = ⟨g⟩,
M = F2[H], and write p : M → F2[J ] for the projection to the coordinates 1, g. Put

θg = (p⋊ 1)∗κJ ∈ Z2(M ⋊ J,F2).

For a transversal R of the cosets uJ , represented in M ⋊H by û = (0, u), direct substitution
into (173) gives the literal cochain equality

κR
g = corR θg. (181)

Indeed, the transition element for (x, c) ∈M ⋊H is

û−1(x, c)π̂c(u) =
(
u−1x, gϵc(u)),

and its two selected coordinates are xu, xug; the two terms of κJ reproduce (69) and (70).
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Let R′ be a second transversal, indexed so that u′ = uju with ju ∈ J , and put Au =
(0, ju) ∈M ⋊ J . Formula (179) therefore gives the explicit normalized 1-cochain

Λg
R,R′(x, c) =

∑
u∈R

(
θg(Au, ℓ

′
u(x, c))

+ θg(ℓu(x, c), Aπc(u))
) (182)

for which
κR′

g − κR
g = dΛg

R,R′ . (183)
Thus the half-orbit change of transversal has a specified boundary, not only an abstract
uniqueness argument.

Likewise, in the field-theoretic situation of lemma 6.15, put
θα =

(
ShK/K0(α), ρ0

)∗
κJ ∈ Z2(GK0 ,F2)

and define να,R = corR θα. If the lifts of the representatives change from ũ to ũ′ = ũau with
au ∈ GK0 , then

Λα
R,R′(γ) =

∑
u∈R

(
θα(au, ℓ

′
u(γ))

+ θα(ℓu(γ), aπγ̄(u))
) (184)

satisfies
να,R′ − να,R = dΛα

R,R′ . (185)
With the compatible nested transversals chosen in the proof of lemma 6.15, equation (109)
is a literal equality of normalized cochains. Equations (183) and (185) give the correction
for arbitrary choices.

Finally, consider the index-two formula itself. If the lift s̃ is replaced by s̃′ = s̃a, a ∈ N ,
then (176) gives b′ = b+ dq with q1 = 0 and qs = α(a). Put A = (q, 1) ∈ E ⋊ J and

Φb(γ) = (b(γ), γ̄), Φb′(γ) = (b′(γ), γ̄).
Then

Φb′(γ) = A−1Φb(γ)A.
For p ∈ E ⋊ J define

rA(p) = κJ(A−1, A) + κJ(A−1, p) + κJ(A−1p,A). (186)
This is the central coordinate of conjugation by the canonical lift of A in the extension
represented by κJ . Therefore

να,s̃′ − να,s̃ = d
(
rA ◦ Φb

)
. (187)

This displays the normalized boundary asserted after (98).

A.8. The index-two specialization and the Evens normalization. Let J = ⟨s⟩ ∼= C2
act on E2 = F2e1 ⊕ F2es by swapping the two coordinates. Put

qhyp(x1, xs) = x1xs, fJ(x, y) = x1ys, m1 = 0, ms(y) = y1ys,

and
κJ((x, c), (y, d)) = fJ(x, cy) +mc(y). (188)

The identities
ms(v + w) +ms(v) +ms(w) = fJ(sv, sw) + fJ(v, w),

ms(sv) +ms(v) = 0
show directly, after expanding dκJ((x, c), (y, d), (z, e)), that dκJ = 0. The cochain is
normalized. On the zero section it is zero, and on the fibre

κJ((x, 1), (x, 1)) = fJ(x, x) = x1xs,
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so its square map is qhyp. The lifts of e1, es are involutions, their commutator is the central
involution, and their product has nontrivial square; the fibre extension is therefore D8.

We normalize the homogeneous index-two Evens norm by requiring

NG
N (1 + [α]) = 1 + corG

N [α] +NG,Ev
N ([α]) (189)

for [α] ∈ H1(N,F2). For the universal inclusion E2 ≤ E2 ⋊ J , Mackey restriction gives

resE2 N
E2⋊J,Ev
E2

(e∨
1 ) = e∨

1 e
∨
s , resJ N

E2⋊J,Ev
E2

(e∨
1 ) = 0.

Since
H1(J,E∨

2 ) = ker(1 + s)/ im(1 + s) = 0,

the low-degree sequence for 1→ E2 → E2 ⋊ J → J → 1 shows that these two restrictions
determine the class. They are precisely the fibre and zero-section restrictions of (188); hence

[κJ ] = NE2⋊J,Ev
E2

(e∨
1 ). (190)

Now let N ◁ G have index two and let b = Sh(α) be the cocycle (163). By section A.2,
the graph γ 7→ (b(γ), γ̄) is a homomorphism. Pulling back (188) gives, literally,

να(γ, η) = b(γ)1b(η)γ̄−1s + ε(γ̄)b(η)1b(η)s, (191)

where ε(1) = 0 and ε(s) = 1. Naturality of the Evens norm in this pullback square and
(190) give

[να] = NG,Ev
N ([α]).

For profinite Galois groups, every cochain in this construction factors through a finite
quotient, and the displayed finite-group normalization is applied there.

The convention (189) is also the one used in the Evens–Kahn formula: for a quadratic
extension L/k, the degree-two term in the relative total Stiefel–Whitney identity is

w(TrL/k⟨a⟩) = w(TrL/k⟨1⟩)
(
1 + corL/k[a] +NEv

L/k([a])
)
.

Thus the normalization in this appendix is exactly the normalization used in (111); no
additional sign or inverse convention enters lemma 6.16.

A.9. Convention audit for the orbit formulas. The following table records where each
convention-sensitive formula in lemmas 6.13 and 6.15 is fixed.

Manuscript
formula

Convention-dependent input Appendix result

(97) normalized Shapiro section and the
index γ̄−1h

sections A.3 and A.4

(98) semidirect graph pullback and the
orientation of the two coordinates

sections A.2 and A.8

(104) the definition of gα and the
right-coordinate shift

section A.5

(106) cup product and normalized bar
corestriction

sections A.1 and A.6

(108) the coset action and degree-two
transition elements

sections A.6 and A.7

(109) compatibility of the two Shapiro stages
and change of transversal

sections A.5, A.7
and A.8
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Appendix B. Finite Fox–Heisenberg rules and word ledger

This appendix starts from the finite semidirect, Heisenberg, and extraspecial groups used
in the first- and second-order calculations. It records the literal word-evaluation identities
that supply the Jacobian, mixed pairing, and candidate quadratic form in sections 5 and 6.

The rules below are those used in lemmas 5.4, 5.5 and 5.14 and proposition 6.5. They are
identities of finite word evaluations before passage to cohomology; no formal Fox calculus
over an infinite completed group is invoked. For each finite coefficient calculation one
may replace ω2 by any ordinary integer representative modulo the exponent of the finite
semidirect, Heisenberg, or extraspecial group being evaluated; lemma 5.1 then shows that
the resulting first and mixed second derivatives are independent of the representative.

Let G act on A and A∨, and evaluate a word in
G⋉ (A×A∨ × F2).

If ū is its base value, Du, D
∨
u are its two first derivatives, and βu is its mixed central

coordinate, then direct multiplication in the finite Heisenberg group gives
Duv = Du + ūDv, Du−1 = −ū−1Du, (192)

Dug = ḡ−1Du + ḡ−1(ū− 1)Dg, Dun =
n−1∑
j=0

ūjDu,

βuv = βu + βv + (D∨
u )(ūDv), βu−1 = βu + (ū−1D∨

u )(ū−1Du). (193)
The formulas for conjugates, commutators, and powers follow recursively. When ū has odd
order e and the exponent is the 2-primary idempotent, the power sum is the norm projector

P = 1 + ū+ · · ·+ ūe−1.

We now spell out the first-order ledger at a tame lower map. Write S,T for the lower
actions of σ, τ , put U = Sω2 , and let (a, b, c, d) be the lift variables on (σ, τ, x0, x1). The
ω2-power rule gives

D(ui) = P (Dxi +Dτ), (194)
and hence

D(d0) = Pb+ (P + 1)c, D(z0) = U−1c. (195)
The tame relator gives the unnormalized row

D(τστ−2) = S−1(1 + T)a+ (S−1 + 1 + T)b. (196)
The wild relator has the following first-order table:

factor a b c d

h0 0 0 0 0
u−1

1 0 P 0 P
xσ

1 0 0 0 S−1

[d0, z0] 0 0 0 0

Thus
Lw = Pb+ (P + S−1)d. (197)

Together, (196) and (197) are the Jacobian displayed in lemma 5.5.
The only non-obvious entry in this ledger is the first line. The variation of g0 = σ2

2
contributes only in order at least two, because the lower values of x0 and d0 at the tame map
are both 1. If P = 0, then Dd0 = Dx0 = c, and the exact class-two identity of lemma 5.2
shows that h0 has the same elementary and central shadow as x2

0. If P = 1, then T = 1 and
the 2-primary operator U acts trivially on the simple characteristic-2 quotient; its lift to the
Heisenberg or extraspecial coefficient group is a central automorphism of order at most 2,
so g0 = σ2

2 acts trivially on the full coefficient group. Again lemma 5.2 applies. This is the
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precise reason that h0 may be replaced by x2
0 in the linear, mixed cup, and determinant

calculations.
Write bcl for the bilinear commutator pairing of the chosen class-two coefficient group. For

the mixed Heisenberg and extraspecial calculations on normalized representatives supported
on x0, the ledger is

factor V -coordinate central coordinate
h0 0 λ(c) in H(A), or q(c) for κ0

q

u−1
1 0 0
xσ

1 0 0
d0 = (x0τ)ω2x−1

0 (P + 1)c ∗
z0 = xσ2

0 U−1c ∗
[d0, z0] 0 bcl((P + 1)c,U−1c)

The starred central coordinates of d0 and z0 are immaterial because these words occur only
inside the commutator. The table gives both the mixed Hessian in lemma 5.14 and the
exact base determinant word expansion

Q0
A(c) = q(c) + bq((P + 1)c,U−1c)

of proposition 6.5. The starred entries may contain the non-diagonal action corrections
mc from lemma 6.1; they are central coordinates of d0 and z0 and hence do not affect the
commutator. No relator-by-relator Stokes identity is used: the correction terms in the
finite-word Stokes formula cancel only after summing the tame and wild relators, exactly as
in proposition 5.8.

Appendix C. Machine-readable serialization

The profinite exponent ω2 is used throughout the proof itself. This appendix contains only
the finite integer representative and exact word block used by the independent computation
mentioned in remark 1.3.

For the finite verification modulus

Mver = 85667662080 = 28 · 32 · 5 · 7 · 11 · 13 · 17 · 19 · 23,

the profinite idempotent ω2 ∈ Ẑ has residue

ω2 ≡ 40491355905 (mod M)ver.

Thus, in finite groups whose exponents divide Mver, the exponent ω2 may be serialized by
the integer 40491355905. The proof itself always uses the genuine profinite exponent. The
corresponding machine-readable block is
sigma,tau,x0,x1

sigma2 = sigma^40491355905
g0 = sigma2^2
u0 = (x0*tau)^40491355905
u1 = (x1*tau)^40491355905
d0 = u0*x0^-1
z0 = x0^sigma2
c0 = d0^-1*z0^-1*d0*z0
dg = d0^g0
hcomm = dg^-1*d0^-1*dg*d0
h0 = (x0^g0)*x0*dg*d0*d0^2*hcomm

h0*u1^-1*(x1^sigma)*c0
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The tame relation τσ = τ2 is implicit and is not repeated in the relations section.
The preceding block records the exact word used in the computational verification. The

computation is not used in the proof of the marked normalization or any other mathematical
step.

Appendix D. Proof dependency certificate

The preceding sections prove the inputs needed by the induction and reconstruction
step. The table records each load-bearing result and its first downstream use; no omitted
calculation or computational verification is hidden in the implication chain.

Proved input First downstream use
Finite-word Stokes identities,
lemma 5.7 and proposition 5.8

Fox–Heisenberg chain map,
proposition 5.10

Exact cone dévissage and simple
normal forms, lemmas 5.11 and 5.13

duality for arbitrary elementary
modules, proposition 5.15

Normalized cochain conventions and
explicit section/transversal homotopies,
section A

literal normalization of (97)–(109)

Universal two-point D8 class,
lemma 6.13

normalization of every half-orbit Evens
class

Normalized Shapiro–corestriction
identity, lemma 6.15

vanishing of the local base form on the
deep half, lemma 6.17

Ramified Hermitian and fixed-space
calculation, lemma 6.8

candidate ramified Gauss sign,
proposition 6.9

Deep-unit Hilbert-symbol ledger,
lemma 6.16

local ramified hyperbolicity,
proposition 6.18

Qualified determinant transgression,
lemma 6.21

splitting B/T ∼= V ⋊ C before the
affine analysis

Radical-edge variation formula,
lemma 8.6

exact half-torsor count in the
nonzero-edge case

Closed recursion (139)–(146),
theorem 8.17

boundary-framed exact-image theorem,
theorem 4.2
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